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1. Introduction

Lithium niobate (LiNbO3, LN) forms a ferroelectric crystal with a
10-atom unit cell, its crystal structure is shown in Figure 1. It is
an important material for various linear and nonlinear optical
applications. This is due to its unique physical properties, such
as strong optical nonlinearity and large electro-optic, acousto-
optic, and piezoelectric coefficients, as well as its wide transpar-
ency window and high refractive index.[1] Lithium niobate is a
semiconductor, the optical bandgap of which has been measured
at 3.78 eV.[2]

Generally, the polarization P of a mediummay be expressed as
a power series of the incident field EðωÞ of frequency ω.[3]

In components, it is given by

PαðωÞ ¼
X

β

χð1Þαβ ðω,ωÞEβðωÞ

þ
X

βγ

χð2Þαβγðω,ω1,ω2ÞEβðω1ÞEγðω2Þ

þ
X

βγξ

χð3Þαβγξðω,ω1,ω2,ω3ÞEβðω1ÞEγðω2ÞEξðω3Þ

þ · · ·

(1)

where α, β, γ, and ξ stand for the Cartesian
coordinates and χðnÞðωÞ is the nth-order fre-
quency-dependent susceptibility, a ðnþ 1Þ-
rank tensor.

In the case of LN, much work has been
dedicated to measure and calculate the lin-
ear and second-order susceptibilities
χð1Þ and χð2Þ.[4–6] Far less is known
about the third-order susceptibility
χð3ÞðωÞ∶ ¼ χð3Þð3ω,ω,ω,ωÞ, relevant to
the process of third-harmonic generation
(THG). Moreover, the existing measure-

ments arrive at vastly different values. The frequently cited
value jχð3Þj ¼ 2.4� 10�13 m2 V�2 measured at a wavelength
of λ ¼ 514 nm by Henari et al.[7] is five orders of magnitude larger
than the value for Si,[3] known as a material with relatively large
third-order susceptibility. Choubey et al.[8] determined a THG coef-
ficient that is several orders of magnitude smaller: At a wavelength
of λ ¼ 1064 nm, they obtained jχð3Þj ¼ 3.9� 10�18 m2 V�2.
The data obtained by Li et al.[9] and Wang and coworkers[10]

are another two orders of magnitude smaller than the latter
value. They determined jχð3Þj ¼ 1.04� 10�20 m2 V�2 and
jχð3Þj ¼ 1.5� 10�20 m2 V�2, respectively, at a wavelength of
λ ¼ 532 nm.

These striking differences in the THG coefficients measured
for one of the most frequently used nonlinear optical materials
motivate the present study, where density-functional theory
(DFT) based calculations are employed to determine χð3Þ from
first principles. All nonzero, distinguishable tensor elements
of stoichiometric LN are calculated. Additionally, it is explored
to what extent the THG in LN is affected by polaron formation.
Electron polarons in lithium niobate are generated optically
within a few hundred femtoseconds[11,12] and form preferentially
at specific trapping sites, which may be locally modified by
doping.[13] Recently, it has been shown that the second-harmonic
generation (SHG) in LN is strongly enhanced by electron
polarons.[14]

2. Results

The methodology described in Section 4 has been used to calcu-
late χð3ÞðωÞ tensor elements for stoichiometric LN in its ideal
bulk configuration, see Figure 2. Clearly, from all considered ten-

sor elements, the intensity of jχð3ÞzzzzðωÞj is highest in the consid-
ered energy range. An onset of jχð3ÞðωÞj for photon energies
larger than 1 eV is calculated for the ideal bulk, followed by a peak

at about 1.3 eV for the case of jχð3ÞzzzzðωÞj and 1.4 eV for other
coefficients. Thus, for photon energies corresponding to
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Universităt Paderborn
33095 Paderborn, Germany
E-mail: agnieszka.kozub@uni-paderborn.de

The ORCID identification number(s) for the author(s) of this article
can be found under https://doi.org/10.1002/pssb.202200453.

© 2022 The Authors. physica status solidi (b) basic solid state physics
published by Wiley-VCH GmbH. This is an open access article under
the terms of the Creative Commons Attribution License, which permits
use, distribution and reproduction in any medium, provided the
original work is properly cited.

DOI: 10.1002/pssb.202200453

The third-order susceptibility χð3Þ of lithium niobate (LiNbO3) is calculated within
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structure obtained within density-functional theory (DFT). Maximum jχð3Þ
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values of the order of 10�19 m2 V�2 are calculated for photon energies between
1.2 and 2 eV, i.e., in the lower half of the optical bandgap of lithium niobate. Both
free and bound electron (bi)polarons are found to lead to a remarkable
enhancement of the third-order susceptibility for photon energies below 1 eV.
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approximately one-third of the LN optical gap, the maximum

value of jχð3ÞðωÞj is assumed. The jχð3ÞzzzzðωÞj maximum value
is slightly larger than 10�19 m2 V�2 and thus considerably
smaller than the data measured in Refs. [7,8]. In contrast, the

calculated data agree very well with the third-order susceptibili-
ties measured in Refs. [9,10] at photon energies of 2.33 eV, cor-
responding to a wavelength of 532 nm, as shown in Figure 2.

The bottom graph of Figure 2 shows for comparison calcula-
tions of the LN linear optical response, i.e., the imaginary part of
the dielectric function, energy-scaled to one-third and one-half
frequencies. The comparison suggests that the main peak of
the THG response results from three-photon processes, while
the less pronounced second and third feature has contributions
from two-photon processes and one-photon resonances, respec-
tively. This interpretation agrees with very recent findings by
Sanna and coworkers.[6]

Electron polarons and bipolarons give rise to polaronic states
inside the LN bandgap.[15,16] The population of these levels, for
example, by illumination, leads to strongly enhanced χð2Þ coeffi-
cients and thus allows for the spatial and transient modification
of the SHG in macroscopic samples.[14] Do these polaronic states
also affect the THG in lithium niobate?

To answer this question, we focus on the polaron structures
recently established in Ref. [17], see Figure 3: Free polarons (F)
correspond to excess electrons localized at regular NbNb ions,
F(NbNb). Bound polarons (P) form either at NbLi point defects,
P(NbLi), or at NbV–VLi defect pairs, P(NbV–VLi). Bipolarons (B)
correspond to two excess electrons, one of them bound to a
defect-related Nb. Here we consider B(NbLi) and B(NbV–VLi).
Free and bound polarons may occur in axially symmetric and
tilted, i.e., Jahn–Teller distorted configurations. In the axially
symmetric configuration, the Nb atoms carrying the excess elec-
trons relax along the [001] direction, which results in orbitals of
dz2 type. In the tilted configurations, the Nb atoms relax perpen-
dicular to the [001] direction. This results in a clover-like shape of
orbitals of the dyz character, see Figure 3.

Li

Nb

O

Figure 1. Crystal structure of stoichiometric lithium niobate. Blue, green,
and gray balls represent lithium, niobium, and oxygen atoms, respectively.
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Figure 2. Calculated nonzero tensor elements of jχð3ÞðωÞj for stoichiomet-
ric LiNbO3. Experimental data for jχð3Þj[7–10] are indicated. Note that the
data from Refs. [7,8] do not fit to the scale. Energy-scaled calculations for
the imaginary part of the LN dielectric function are shown in the bottom
panel for comparison.
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Figure 3. Polaron structures considered in this work, together with the
corresponding charge densities. Free polarons (F), bound polarons (P),
and bipolarons (B) are shown in the axial symmetric configurations; for
F and P polarons, the tilted configurations are also shown. The color
scheme corresponds to Figure 1.
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As shown in Figure 4, polaron formation leads to a giant

enhancement of jχð3ÞzzzzðωÞj for low photon energies. This holds
for free polarons and bipolarons, in particular B(NbLi). Here
strong peaks at photon energies of about 0.4 and 0.6 eV are pre-
dicted. It is interesting to note that free polarons strongly
enhance the THG, while they were found to be of minor influ-
ence on the SHG.[14] This can be understood, however, by means
of symmetry: Free polarons formed at regular NbNb ions largely
obey inversion symmetry,[17] thus their SHG response is
suppressed. The influence of bound polarons on the THG is

relatively minor. A pronounced signal is calculated only for
P(NbV–VLi) with axial symmetry. Above 1 eV, the calculated

jχð3ÞzzzzðωÞj for all polarons is very similar and mimics that of stoi-
chiometric LN.

The data shown in Figure 4 cannot directly be compared with
the experiment. On the one hand, the present calculations are
performed within the independent-particle approximation
(IPA). Optical excitations are known, however, to be influenced
by electronic many-body effects. Self-energy effects will blueshift
the excitation energies and decrease the susceptibilities. Both
effects are partially compensated by excitonic effects.[18,19]

Therefore, we expect the IPA calculations to be at least qualita-
tively correct. On the other hand, the present polaron calculations
have been performed using 80-atom cells. This corresponds to a
polaron density far higher than typically observed experimentally.
The steady-state density of bipolarons at room temperature in
congruent LN without illumination has been reported to be about
6.7�1023 m�3.[20] Optical excitation may increase this value con-
siderably.[11,12] Buse and co-workers report polaron densities of
4.4�1024 m�3.[11] This value may be used to rescale the polaron-

induced changes of jχð3ÞzzzzðωÞj calculated for the 80-atom cell to
experimentally accessible polaron densities. The according order-
of-magnitude estimate for the polaron-induced change of

jχð3ÞzzzzðωÞj compared the ideal bulk is shown in Figure 5. A maxi-
mum change of up to 6% is calculated for B(NbLi) formation.
This is the same order of magnitude as the relative change in
SHG due to the bipolaron formation in LN.[14] It suggests that
also in real samples the polaronic enhancement of the THG effi-
ciency calculated here will be observable.

3. Conclusion

In summary, THG in lithium niobate has been calculated from

first principles. For stoichiometric crystals, jχð3Þzzzzj values larger
than 10�19 m2 V�2 are calculated, in good agreement with some
experimental data. The present calculations do not support, how-
ever, earlier claims that LN has a third-order susceptibility that is
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Figure 4. Calculated jχð3ÞzzzzðωÞj for supercells containing polarons. Solid
lines correspond to structures with axial symmetry, dashed lines to tilted
configurations. Shaded area corresponds to the result for stoichiometric
LiNbO3.
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Figure 5. Calculated relative change in jχð3ÞzzzzðωÞj due to bipolaron B(NbLi)
formation in bulk LiNbO3, assuming a polaron density of 4.4�1024 m�3 as
measured in Ref. [11]. The smooth line is to guide the eye.
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several orders of magnitude larger than measured for silicon.
According to the present calculations, the THG in LN may be
substantially enhanced by polarons. The polaron distribution
in the crystal can be modified spatially by doping and is strongly
increased by optical excitation. The polaronic enhancement of
the nonlinear optical coefficients predicted here thus suggests
a way to control LN THG in space and time.

4. Methodology

Methodologically, the approach used in Ref. [14] was largely fol-
lowed. In detail, the Quantum Espresso[21,22] implementation of
DFT was used to perform electronic-structure calculations. The
PBEsol functional[23] was used to describe the electron exchange
and correlation effects within the generalized gradient approxi-
mation. The DFTþU scheme[24] was used to account for the
strong localization of the Nb 4d electrons. The Hubbard U
was chosen large enough to enable the electron self-trapping
characteristic for polaron formation, see discussion in Ref. [15].
Here, self-consistently determined U values were used, i.e.,
4.7 eV for the regular Nb atoms and for those carrying free polar-
ons; 5.2 eV for NbLi antisite and Nbv interstitial atoms. Spin-
polarized calculations were performed to account for unpaired
electrons. Stoichiometric LN was modeled within a 10-atom unit
cell. Here a 6� 6� 6 Γ-centered k-point mesh was used for
Brillouin sampling. The nonlinear susceptibilities were calcu-
lated using 70 electronic bands – 32 occupied and 38 empty
states. The polaron structures were modeled within 80-atom
supercells. In this case, a 3� 3� 3 Γ-centered k-point mesh
and 500 electronic bands were used. This included 256 occupied
states and one defect band for free polarons, 260 occupied states
and one defect band for bound polarons, and 263 occupied states
and one defect band for bipolarons.

The nonlinear susceptibilities were obtained from the real-
time evolution of the Bloch electrons in a uniform time-depen-
dent electric field following the Berry-phase approach proposed
by Attaccalite and Grüning.[25] This approach was successfully
used for SHG calculations for various semiconductors. In this
method, the time-dependent polarization is computed from
the evolution of valence states jvnki, described by the equations
of motion

iℏ
∂
∂t
jvnki ¼ ðHKS

k þ iE ⋅ ∂̃kÞjvnki (2)

where HKS
k corresponds to the Kohn–Sham Hamiltonian. The

term E ⋅ ∂̃k in Equation (2) describes the coupling to the external
electric field E. Finally, χð3ÞðωÞ is derived from the power series
expansion of the calculated polarization. The technical parame-
ters are chosen as in Ref. [14], apart from the simulation and the
dephasing times. These times have been increased to 70 and
50 fs, respectively, for better convergence.

The linear optical response of stoichiometric LN was calcu-
lated for comparison. The respective calculations are performed
within the independent particle approximation using the Yambo
package.[26,27] Here 32 occupied and 168 empty bands of a 10-
atom LN cell were employed in conjunction with a 6� 6� 6 sam-
pling of the Brillouin zone.
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