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We demonstrate the potential of recently developed electronic-structure methods for the calculation of the
optical properties of solids. As prototypical examples semiconductors crystallizing in diamond or zinc-
blende structure are studied. The many-body effects are fully taken into account by a solution of the com-
bined Dyson and Bethe-Salpeter equations. We show that an initial-value formulation of the polarization
function allows for an efficient numerical calculation of the optical susceptibility. The effect of the re-
normalization of electrons and holes to quasiparticles is shown for both the band structure and the optical
spectrum. In addition, excitonic effects are identified to remarkably influence the optical absorption.
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1 Introduction

Recent years have seen impressive methodological progress in the accurate numerical modelling of opti-
cal properties from first principles using the many-body perturbation theory (MBPT) [1]. It has become
possible to compute single-particle electronic excitations in an accurate manner using Hedin’s GW ap-
proximation (GWA) [2]. In addition, the Bethe-Salpeter equation (BSE) for electron—hole pair excita-
tions can be solved in the framework of the same approximation, in order to account for excitonic and
local-field (LF) contributions to the polarization function [3—5]. However, the large numerical effort
required to solve the BSE has restricted such calculations to the interaction of relatively few electron-
hole pairs. Therefore, the calculations of optical properties are usually limited to bulk semiconductors
[6—10] or to semiconductor surfaces with strongly localized and energetically well separated states [11,
12]. There are only first trials to include more pair states in the calculations of optical spectra, for in-
stance to describe surface-modified bulk excitons [13, 14]. The formalism, however, also works for
strongly localized electron—hole pair excitations in highly polarizable solids and molecules [15].

In this paper the progress in the calculation of optical properties is discussed with a focus on bulk
semiconductors. This does not only concerns the computation of the geometries and electronic structures
but also the inclusion of many-body effects in the framework of the MBPT. We show that optical spectra
such as the optical absorption can now be calculated from first principles. One important intermediate
step is related to the quasiparticle band structures. Semiconductors crystallizing in diamond or zinc-
blende structure are used as examples. In Section 2 the computational methods are described. We present
a novel numerically efficient approach to solve the BSE for the polarization function in the time domain
using an initial-value formulation. The quasiparticle band structures and optical absorption spectra result-
ing for C, SiC, Si, GaP, GaAs, InP, and AIN are discussed in detail in Section 3. A brief summary con-
cludes the paper in Section 4.
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2 Computational methods

2.1 Modeling of ground state

In order to calculate the surface optical spectra we proceed in three steps. First, the energetically favored
geometry is determined. The required total-energy and electronic-structure calculations are based on the
density functional theory (DFT) [16] and the local density approximation (LDA) [17]. We are using two
different implementations of the underlying DFT-LDA. In the case of crystalline Si we have checked that
the two methods practically give the same results. In the first version the electron-ion interaction is de-
scribed by nonlocal norm-conserving pseudopotentials [18]. Semicore states are taken into account by
nonlinear core corrections to the exchange and correlation energy. A massively parallel, real-space finite-
difference method [19] is used to deal with the large unit cells. A multigrid technique accelerates the
convergence. The spacing of the finest grid used to represent the electronic wave functions and charge
density is about 10% of a bulk bond length. The second implementation is based on the Vienna Ab-initio
Simulation Package (VASP) [21]. The pseudopotentials are generated according to the projector-
augmented wave (PAW) method to describe the interaction between atomic cores and valence electrons
[22]. The all-electron PAW wave functions of these electrons determine the optical matrix elements [23].
In the case of the PAW pseudopotentials the energy cutoffs of the plane-wave expansions of the Bloch
states to obtain converged results are relatively low. Indeed, Fig. 1 shows that optical response calcula-
tions based on the two different implementations of the DFT-LDA give almost the same spectrum.

2.2 Frequency-dependent dielectric function

We take advantage of the translational symmetry. The Bloch picture is valid with wave vectors & from
the surface Brillouin zone (BZ) and band indizes v as good quantum numbers. Within the LDA to ex-
change and correlation the single-particle Kohn—Sham (KS) equation yields eigenfunctions |vk) (or
v, (x)=(x|vk)) and eigenvalues &, (k). The macroscopic dielectric function is related to the polariza-
tion function P. Within the Bloch picture one has for a cubic system [5, 20]

8ne’h’ ‘
N> ML (k) M, (k') P(cvk,cVk';0)+ce. and o <> -} (1)

gw)=1- ”
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with matrix elements of the velocity operator v

(ck|v;|vk)

Mot = o= e.h)

2
and V' as the normalization volume. In (1) the sums run over pairs of electrons in empty conduction band
states |ck) and holes in occupied valence band states [vk), which are virtually or physically excited by
photons. The effect of the photon wave vector is neglected.

The polarization function P obeys a BSE. Neglecting the coupling of resonant and antiresonant elec-

tron—hole pairs as well as the non-particle-conserving contributions to the electron—hole interaction, the
BSE obeys the form

Z {H (cvk,c"V'k") = (@ +iy) 5,,.0,.04+ P(c"V'K”,cVEk"; w) =-6,,.6,,0}, 3)

cc” vy
VK"

with the effective electron—hole pair Hamiltonian H(cvk,c’v'k’) and a small damping y of the pair
excitations. The Hamiltonian of pairs of excited electrons and holes, more precisely, of quasielectrons
and quasiholes, is given by [3, 6, 20]

H(cvk,cVk'y=[e2"(k)— " (k)] 6..8,/8/, + W (cvk, cVK') +V(cvk, VK" 4)

cc” vy
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Fig. 1 Comparison of the imaginary part of the
dielectric function for Si computed with wave
functions from the real-space implementation of
the DFT-LDA (solid line) and from the PAW
approach (dashed line) and 1000 random k-
- points. The many-body effects have been taken
into account (see below). The spectra are com-
pared with an experimental curve (dotted line)

a0

o
(=1
T

Im &)

20+ 1 [24].
10
(55 3 35 4 a5 5 55 6 65
Photon energy (eV)
with the matrix elements
W (evk, eVk') = =[d'x [ &X'y () yoe () W (6, x) () i (') 5)
and
v(evk, VR =2 [d'x [ XY () v (0¥ (= )y (8 prle () (©)

of the (statically) screened Coulomb interaction W (x, x”) [25] and a bare Coulomb interaction v(x — x”).
Only the short-range part of the latter is taken into account in agreement with the physical character of
expression (6) as electron—hole exchange [4].

The screened contribution W (5) to the total electron—hole interaction includes the classical attraction
of electron and hole as represented by the diagonal elements ¢ =¢” and v=1". It is responsible for the
electron—hole binding in the Wannier—Mott limit [26]. The other contributions represent the mixing of
electron—hole pairs which is responsible for the redistribution of oscillator strength in optical spectra [6,
7, 20]. The electron—hole exchange term o< v (7) [3, 27, 28] corresponds to the inclusion of LF effects
[29, 30]. Indeed, in the bulk case it has been shown [28, 31] that the inclusion of v in the BSE (3) gives a
polarization corresponding to the macroscopic dielectric susceptibility.

The excited electrons and holes also interact as individual particles with the inhomogeneous electron
gas of the system. This leads to an exchange-correlation self-energy X of the system beyond the ex-
change-correlation potential V. that is already used in the Kohn—Sham equation of the DFT-LDA. As a
consequence, this renormalization gives rise to quasielectrons and quasiholes [1, 2]. Assuming the same
energetical ordering of the positions of the quasiparticle peaks and of the KS energies, the quasiparticle
effects are included within first-order perturbation theory [32, 33]. The KS wave functions are not up-
dated [34] and the DFT-LDA eigenvalues are corrected according to

& (k) =¢,(k)+A,(K), (7
A, (k)= (vk| Z (e (k)) =V | vE). ®)

The exchange-correlation self-energy operator X is taken within the GWA [2]. In the explicit calcula-
tions we introduce further approximations following the schemes by Hybertsen and Louie [35] and
Bechstedt et al. [36] or Cappellini et al. [37]. For several semiconductors and their surfaces this ap-
proximate treatment of the self-energy corrections (8) has been shown to result in excitation energies
which are within 0.1 eV of the experimental values [13, 38].

The rank of the Hamiltonian matrix (4) is determined by the number of electron—hole pair slabs |cvk)
contributing to the optical spectrum. The number of pairs of conduction bands ¢ and valence bands v
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T ' T ' ' T ' T Fig. 2 Imaginary part of the dielectric function
< for Si computed within the real-space implemen-
- tation of the DFT-LDA using 1000 randomly
distributed k-points (solid line) or 1000 homo-
geneously distributed MP k-points (dashed line)
in the BZ of a sc structure containing 8 Si atoms.
- The spectra are compared with an experimental
| curve (dotted line) [24].
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depends on the region of photon energies 7@ that should be described. The k-sampling of these bands in
the Brillouin zone (BZ) determines the accurate computation of two effects, (i) the interband density of
states weighted by the transition matrix elements (2) and (ii) the coupling of electron—hole pairs cvk and
vk’ in different regions of the BZ. Considering the diamond and zinc-blende semiconductors in con-
ventional unit cells with 8 atoms of the sc lattice, we found reasonable convergence for a homogeneous
distribution of about 1000 k-points according to Monkhorst and Pack (MP) [39] over the entire BZ with
a cubic shape. We have also tested random distributions of 1000 k-points over the BZ. The correspond-
ing spectra resulting for Si are shown in Fig. 2. Our experience with many crystals is that convergence
with respect to the excitonic effects mediated by the interactions (5) and (6) is faster for random
k-points. However, if there are pronounced density-of-state effects due to strong contributions from criti-
cal points and high-symmetry lines in the BZ, then the MP k-points are better for fast convergence. The
discrepancies in Fig. 2 indicate that convergence with respect to the k-point sampling is most critical for
the numerical treatment of excitonic effects in optical spectra. An extreme example in this respect is InN
[40]. The discrepancies indicate inaccuracies of less than 0.1 eV in the determination of peak positions
and of several % in the determination of peak intensities. In any case a converged k-point sampling is
most important to obtain the correct lineshape including the correct peak positions [41].
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Fig.3 Diamond: (a) Kohn—Sham (solid lines) and quasiparticle (dashed lines) band structures. Only the
valence and the lowest conduction bands are shown. (b) Imaginary part of the frequency-dependent di-
electric function within the independent-quasiparticle approach (dashed line), for Coulomb-correlated
electron—hole pairs (solid line), and from experiment (dotted line) [44].
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Fig. 4 Cubic SiC: Experiment from [45].

2.3 Time-dependent formulation

Since the atomic geometry of a crystal is known from the total-energy minimization procedure
(cf. Section 2.1), the optical properties of a cubic semiconductor (1) can be calculated by solving
the BSE (3) starting in the first step with a pair Hamiltonian (4) in DFT-LDA quality,
H(cvk,cVk')=[e.(k)—¢,(k)]S,.0,,0,. Then the many-body effects can be added by improvement of
the Hamiltonian in the next step according to the inclusion of quasiparticle shifts (8) and electron—hole
interactions W (5) and v (6). In principle, the last step (including W and v) can be done by diagonalizing
the Hamiltonian matrix (4) [6, 8—10, 42].

However, we follow an earlier idea by Glutsch et al. [43] to calculate the polarizability from the time

evolution of a vector | ¥ (¢)) with N elements, which is defined as

S M, (K') P(cvk, VK’ 0) = éj dt Y (1), 9)
0

Vv k'

The evolution of the elements of | ¥ (¢)) are driven by the pair Hamiltonian (5)

> H(cvk,cVE) ¥, (t) = il % ¥ (0 (10)
vk
with their initial values

We solve the initial-value problem by the central difference method [14, 20]. The upper limit of the Fou-
rier integral in (9) can be truncated due to the exponential exp (—y¢). The number of time steps, i.e., the
matrix-vector multiplications, is nearly independent of the dimension of the system. The operation count
for this method scales thus quadratically with the rank of the pair Hamiltonian, . Details can be found
in the paper [14].

3 Results and discussion

The total energies of the semiconductors with two atoms in the unit cell have been minimized. The re-
sulting lattice constants are a, =3.538 A (C), 4.335 A (SiC), 5.456 A (Si), 5.413 A (GaP), 5.615 A (GaAs),
5.669 A (InP), and 4.323 A (AIN). For these theoretical lattice constants the Kohn—Sham (KS) eigenval-
ues have been computed. The resulting corresponding band structures are presented in the panels (a) of
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Fig.5 Si: Experiment from [24].

Figs. 3-9. These energies as well as the Kohn—Sham wave functions have been used to calculate the
high-frequency dielectric constant & = &£(0) within the independent-particle approximation, i.e., for a
pair Hamiltonian (4) in the form H(cvk,c'V'k’')=[e.(k)—¢,(k)]S,.0,,0,. The results are close to ex-
perimental values ¢, =5.7 (C), 7.1 (SiC), 11.3 (Si), 8.9 (GaP), 10.6 (GaAs), 9.6 (InP), and 4.4 (AIN).

This input determines the quasiparticle shifts. Together with the Kohn—Sham eigenvalues, they yield
the QP band structures also shown in the panels (a) of Figs. 3-9. In a first approximation the QP correc-
tions open all energy gaps and transition energies nearly by a rigid shift of the conduction bands with
respect to the valence bands. This shift depends on the semiconductor. A typical value amounts to 0.8 eV
as found for GaP. As a consequence all the optical spectra calculated within the independent-quasiparticle
approximation (see panels (b) of Figs. 3—9) are blueshifted with respect to the independent-particle ap-
proximation (not shown) without dramatic changes of the lineshape. In the case of the common II1-V
semiconductors GaP, GaAs, and InP these spectra are very similar to the experimental ones (cf. Figs. 6—
8). However, they are blueshifted, and the intensity of the high-energy E, peak is overestimated while that
of the low-energy E, peak is underestimated. In the Si case (Fig. 5b) the E, peak appears only as a shoul-
der in the theoretical quasiparticle spectrum. For systems containing at least one constituent from the first
row of the Periodic Table such as diamond, SiC, and AIN, the main peaks are too high in energy.

The inclusion of the excitonic and local-field effects has a remarkable influence on the theoretical
spectra in Figs. 3—9 (panels (b)). For all materials a drastic redshift is observed with respect to the spec-
trum for independent quasiparticles. In general, this Coulomb shift is somewhat smaller than the average
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Fig. 6 GaP: Experiment from [46].
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Fig. 7 GaAs: Experiment from [24].

quasiparticle blueshift. In the diamond case the ratio of the two effects is close to two, but it is strongly
reduced for GaAs. All spectra indicate a drastic redistribution of oscillator strength/spectral strength from
the high-energy region to the low-energy region. This effect is mainly a consequence of the Coulomb
coupling of electron—hole pairs cvk and ¢’v’k’ in the Hamiltonian (4). It modifies the scattering states of
the electron—hole pair excitations. On the other hand, influences of bound exciton peaks are not visible
in the spectra of Figs. 3—9. However, using much more refined k-point meshes such excitonic peaks can
be obtained below the onset of the absorption [8, 15].

The comparison of the theoretical spectra with quasiparticle effects and electron—hole interaction
included with measured curves in panels (b) of Figs. 3—9 in general shows an excellent agreement with
respect to the peak strengths and the peak positions for the semiconductors Si, GaP, GaAs, and InP with
the pronounced E, and E, peaks in the imaginary part of the frequency-dependent dielectric function.
The main failure of the theory is the overestimation of the peak positions by about 0.1 eV (III-V semi-
conductors) or 0.2 eV (Si). The agreement of the lineshape of the absorption spectra, in particular the
peak positions, is also excellent in the case of cubic SiC. The comparison of the curves in Fig. 4b most
drastically shows that experimental spectra can be only explained taking into account excitonic effects.
The agreement in the case of diamond and cubic AIN is less satisfying. For diamond our approach over-
estimates the position of the central peak by about 0.7 eV, i.e., by about 5% of the peak energy. The
discrepancy in the position of the main absorption peak between computation and experiment in Fig. 3b
seems to be a general artefact of the theoretical description or the measurements for unknown reasons. In
other excitonic calculations a similar discrepancy has been observed [9]. Only the scissors-operator ap-
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Fig. 8 InP: Experiment from [47].
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proach may give equal positions but give rise to an unphysical shift of the absorption edge [7]. However,
in this case the absorption edge is redshifted by 0.5 eV, while our approach gives an absorption edge in
agreement with the measurement [44]. In this volume of the journal there is another BSE calculation
reported [49]. In the diamond case their agreement with the experiment is much better than here. One
reason could be that the model GW approach tends to overestimate the QP shift for wide-gap materials
by almost 0.2—0.3 eV. In the case of cubic AIN (Fig. 9b) further studies are needed. The role of the sam-
ple quality and perhaps screening effects by the polarizable lattice have to be clarified.

4 Summary

We have demonstrated the recent progress in the theoretical description of optical properties of crystal-
line materials using parameterfree computations under inclusion of the necessary many-body effects. The
calculations are based on the density functional theory in a certain approximation for exchange and cor-
relation. They yield the lattice constants (in general, the atomic positions) and the Kohn—Sham band
structures which neglect the excitation aspect. After optical excitation of electron—hole pairs each ex-
cited particle interacts with the remaining electron system. This leads to a renormalization to a quasipar-
ticle, quasielectron or quasi-hole. Its main effect is a shift of the Kohn—Sham eigenvalues towards qua-
siparticle energies and, hence, opens all gaps and transition energies. The quasielectrons and quasi-holes
interact via two different mechanisms. There is a direct screened Coulomb attraction that yields an over-
all redshift of the absorption spectra with respect to curves for independent quasiparticles. Oscilla-
tor/spectral strength is redistributed from higher photon energies to lower ones. In addition, there also
acts an electron—hole exchange that can be identified with the modelling of the local-field effects in the
corresponding two-particle Hamiltonian. In any case, their inclusion allows to compute the macroscopic
dielectric function instead of the microscopic one. They tend to reduce the redistribution of spectral
strength from higher to lower photon energies but do less influence the peak positions. Local-field effects
are larger for the wide-gap systems C and AIN in comparison to, for instance, Si.
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