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Second-harmonic polarizability including electron-hole attraction from band-structure theory
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We revisit the derivation of the expressions for the calculation of second-harmonic generation spectra and
show the equivalence of different approaches proposed in the literature. A method is suggested to include
excitonic effects in the calculation. Numerical tests are performed for the linear and nonlinear optical response
of bulk GaAs. Excitonic effects are found to give rise to a redistribution of oscillator strength, thus improving
the agreement with experiment.
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I. INTRODUCTION and methodological approaches for #ie initio calculation

Linear and nonlinear methods of optical spectroscopy ar@f the nonlinear optical response are used? which are
rapidly gaining importance for materials characterizatioh, not easily seen to be equivalent. Numerical results
Even-order nonlinear optical spectroscopy has emerged as &Rtained within the 1QA for the second-harmonic suscepti-
unusually sensitive technique for noninvasive analysis oplility X2(~2w;,), even of simple bulk systems such as
surfaces and buried interfaces of centrosymmetric matérialsGaAs!>*'9 neither agree very well with each other nor
In order to fully exploit the diagnostic potential of such spec-with the experiment? Numerical results including electron-
troscopies and in order to assist in the development of novdlole interaction are presently available only for low
optical materials, methods are required to predict the magniphoton frequencie¥. Due to these deficiencies in the
tude and frequency dependence of linear and nonlinear opthumerical modeling of second-harmonic generation
cal susceptibilities with high accuracy. Recent years havéSHG spectra from first-principles empirical and
seen impressive methodological progress in the accurate ngemiempirical approach®s? are still widely used for their
merical modeling of linear optical properties frofirst-  interpretation.
principles The deficiencies in the theoretical description and numeri-

The typical starting point is the independent- cal calculation of SHG spectra motivate the present study.
(quas)particle approximatiorflPA/IQA) in which the linear ~We start with a brief review of the methodology to calculate
dielectric function(for translationally invariant systemss  response functions from band-structure theory. For the SHG
given by case, the equivalence to Aspnes’ apprdéels well as to the

&2 o 100f (k derivation by Sipeet all” is shown. Then a method is pro-
8 S f (k)w_ (1) posed to include excitonic and local-field effects in
PN e ™ oK) =@ nonlinear-response functions. Finally, numerical results for
) ) the prototypical example of bulk GaAs are presented. Both
Here thef, (k) =f(en(k)) —f(en(k)) are the Fermi blocking |inear and nonlinear optical responses are discussed, to allow

factors for the Bloch statésk) and|mk) with the energies  for 4 petter understanding of the physics behind the many-
€,(k) andey(k), V is the system volume, arl=w+i7 is the body interactions.

frequency with a small positive imaginary pa#t which
turns off the electromagnetic field adiabatically. The

Pam = (NK|p*|mk) 2 IIl. THEORY

are the momentum matrix elements of the system and
iwmn(K) = en(k)—€,(k) are the energy differences between
\t/):ITJdersn 22?1 nbaet F():c;::;tu'TaItZ dt,hele.lllloleJilphiior:jee(rl? szit))./-;lljhnecstﬁ)n al Within the interaction picture, the time evolution operator
theory in the local-density approximatidpFT-LDA). Addi- Is given by
tionally, self-energy effects can be included in t&WV
approximatior?~” Moreover, the Bethe-Salpeter equation
(BSE) can be solved for pair excitations in order to account et
for excitonic and local-fieldLF) contributions to the linear O =1 _'_f dt’ Aot O(t'), (3)
optical respons&:'0 Linear optical properties can thus be hl_.
predicted reliably even for complex systems such as semi-
conducter surfacés'?or watert3

The progress in the numerical determination of nonlinear
optical susceptibilities, however, is lagging behind. The for-with the external perturbation Hamiltonian in minimum cou-
malism is far more complex. Therefore, different numericalpling convention

eaﬂ((‘)) = 6aﬁ +

A. Time-dependent perturbation theory
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where < A(;Xt(X",t”)A%XI(X/,t’). (14)

- e - 2 o2 -
JY(x,t) = %[‘I’ OGP (x, 0] = [PWT(x, IV (x,1)]
The corresponding expectation values for nonmagnetic ma-
©) terials are given by

is the dynamical current density operator a&tf' represents
the vector potential of the external electromagnetic field. The

total current density operator <in(£1d(1)(xyt)>:2 fdax,f dt’
B -0

- - 3
R — idyn _ =~ ex
J(th) J (X,t) mCP(Xat)A t(th) (6) X'&E}g(x,x',t—t')EZXt(X',t'), (15)
can be obtained by replacing the mechanical by the electro-
dynamical momentum operator.
We restrict ourselves to insulators and undoped . o o
semiconductors. Then, the free-carrier density vanishes at  (jn%®(x,0))= > d3x’fd3x”f dt'J dt”
zero temperature. Consequently, we neglect terms propor- By - -

tional to expectation values of the electron density operator X'E'(% (x,x’,x”,t—t’,t—t")Ez“(x’,t’)
in Eq (4) aBy
Exploiting gauge invarianc® we set XESX" 1), (16)
¢™(x,1)=0, )

where o are the quasiconductivity tensors. This
ESi(x,1) = — 1 AKX, 1), (8) isin contrast to the conductivity tensawd’ that are related
c to an expansion with respect to the total electic field
E(x,t)=EM(x,t)+E®{x,t). One can interpret the induced
B*(x,t) = V X A®(x,1) (9)  electric field as a field generated by the redistribution
of the system electrons in the presence of the external
potential, E%¢ is the external electric field, anBe is the perturbation. Within the self-consistent-field approximation,

external magnetic field. To describe the response, we stapi"s effect is already contained in the Hamiltonian

from the relation between induced and total current densit%’a the .densny—dependent self—qonS|stent potertial.
operators owever, it can be shown that this effect can account

A . for restricting the calculation of the conductivities to
find(xi) = UT(t)f(x,t)U(t) _jdyn(x,t), (10) terms containing irreducible grapftsthe so called irreduc-

) ) ible part of the expectation valfé:?® Therefore, it holds
and expand the former in a power series of the vector poteny 4

tial A® By expanding Eq(3) as

according to the transversal gauge. Hef! is the scalar

Lot
T4 — _I_ rgextisr . )
ui=1 ﬁJ_mdtH {(t) 50req — o

1 ‘ ! t/ HA ! % "
_ﬁf_w dt f_w d"HOHTC) + . (1D Taking into account that the electric fields; and ES*
are physically equivalent, the conductivity tensors are
one obtains from Eq(4) (without terms proportional to the given by
free-carrier density

(. = 3 0,0, (12 ogkxt-t)=8(t-t)
i=1

1 v ~ =
" x T f 9 ), 19, Direg
t

: t
]?L'Jd(l)(x,t)=—i;—cfd3x’f dt’ (17

X Y1), ]2 DIATX ) (13 and
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2 (x,x" X" t—t' t—t" 2(0,0,0,@
Uaﬁy( IEANE AN ) ) )(5122;7(— Zw;w,w):io- ( , ; W;w)
1 ' " t”’ mnn i i " " Zw
:_%,f—w dt” X f_w dt"”"er” -t")eE” -t") | 0 v
= Wf d'['f dt”
2 A 2 W J o —o
XA, I, 50,0 e
+(B ). (19) x {7V e @I, [Ip(t"),30(0) Dired
+(B < )} (22)

B. Response functions

In general, the Fourier transforms of the response
functions are wave-vector-dependent. However, here
we are interested in the response to electromagnetic
waves with photon energies below 10 eV. The corresponding

hoton wave vectors are small compared to the extent - -

gf the BZ. Therefore, the following disgussion is restricted Ja(t) = J dxj(x.0). (23)
to the optical limit, i.e., vanishing wave vectors

q—0.

There is another complication related to the difference | )
between macroscopic and microscopic optical susceptibiliSing & Bloch representation,
ties, i.e., the so-called local-fieldLF) effects?® In the
case of the linear response, these effects can be treated
according to the prescription of Adler and Wig&po R e
The effect of local fields can also be taken into account Jo(0) == 2 pE(K)Eh (Da(), (24)
by an electron-hole exchange term in the two-particle Mank
Hamiltonian!?®31 Such a treatment of LF effects by
an additional unscreened but short-ranged Coulomb

interaction between optically excite@uasjelectrons and Whereégk(t), a,(t) are the creation and annihilation opera-

(quas)holes can be used in the calculation of nonlinear op+ors of electrons in Bloch statésk), one obtains the follow-
tical coefficients. For that reason, we follow this method foring expressions for the linear and non"néhere: SHG re-

the inculsion of LF effects. Of course, studying the limit of sponse functions:
independentquas)particles below, we neglect the influence

of these effects by neglecting the tot&juasjelectron-

(quasjhole interaction.

he current operators are defined by

. . . . . . in2 o0
Within these approximations, the optical polarization _ Amie i@t a B ,
P.(w) can be expressed in terms of the total macroscopic Eaﬁ(w)_5“ﬁ+szﬁz)2 n%( 0 dte (k) Py (k)
electric fieldE(w),3233 o
n'm’'k
P(w) = X3)(- 0,0)E () + X2 (- 0’ = "0 + o) X ([ (DA (0,300 (0) Dirreas ~ (25)

XEF(w )EN(@") + -+ . (19)

For nonmagnetic materials, one obtains from Maxwell's

equations ie3 )
X (= 20 0,0) = prEscCy 22 2 Pl kpfik)
g O MOV e nim gy
(a2 = aF’a(t)- (20) 0 v
xp® (k") f dt’ f at”
In combination with Egs(15) and (17), this leads to the > -

linear dielectric function X{e—i'&t’e—i'&t”<[é;k )8, (1),

601[3(“)) = 5aﬁ + 4T7Ti0'£112;(0,0,w) X [érkr(t')& 'k’(t,):a;kf/(o)ém'k"(o)]birred

ami +(B =7} (26)
il i~ 2
= 5{1[3 + m/fo dtelwt<[Ja(o)!‘]lB(_ t)]>irredv

(21)  So far, except for the restriction to one class of diagrams, no
assumptions have been made about the electron-electron in-
and with Eqs.(16) and(18) to the SHG susceptibility teraction. It will be specified in the following.
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C. Independent-(quasi)particle approach where AL =p?_(k)-pZ (k). The prime at the sum symbol-

The DFT-LDA eigenva|ues may be interpreted asizes that the sum runs over indicast m#1. We mention
zero-order terms of a perturbative expansion of the quasipatbat the replacement of th&® prefactor by energy differ-
ticle energy, which can be corrected for self-energyences is exact only for undoped semiconductors at zero tem-

effects by performing quasiparticle calculations, e.g.perature. This can easily be seen for the imaginary part of the
in the GW approximation (GWA),>®34 or by simply response functiof® For the linear case, it has been shown
shifting the unoccupied state energies by a constant valughat this replacement corresponds to the gauge invariance of
i.e., by applying the so-called scissors operator. In any caséhe response functiorf§ As shown in Appendix A, formulas

the momentum matrix elements have to be renormalized.(31) and(32) are equivalent to the corresponding expressions

With e,(k) representing the energy of stdte), the time  derived by Sipe, Ghahramani, and Hugfes Appendix A
dependence of the creation and annihilation operators jalso shows that our derivation allows a more condensed for-

given by mulation of the final result for the second-order coefficients.

- SR (Nat The Bloch representatiof24) includes both intraband and

ay (1) = e NG, (27)  interband terms, without further discrimination. In the intra-
Together with the interband energigs,(k) and account- ]E)and case, the momentum matrix elements take the simple
ing for spin degeneracy, the response functions take the ex2rm
plicit forms

gme? * )pE () (k) = - (k) (39
™ Pnm{K)Pmn hn = €n .
=0t -2 famk)———=— (28 f Ky
6aﬁ(w) af ﬁrnz-&«)zvrgk nm( ) wmn(k)—Z) ( )

and The numerical calculations take advantage from exploiting

_ symmetry properties. Time-reversal symmetry requires for
@ -ied S 1 the transition matrix elements

Xep~ 20,0,0) = = -
b @*h2mPV k nml [wmn(k) - 2]

o Pam(K) = = Pmn(= k), (34)
Fra(K) DK { PR (K) PR (K)} " "
op(k) - o whereas the occupation numbers and band energies are in-
« y 3 variant with respect to an inversion in the reciprocal space.
fm|(k)pnm(k){pm|£|‘()pln(k)} Th|S reSU|tS in
wml(k) -—w
(29) e GBY(k)
XD (= 20,0,0) = =552 >, am—
where o h Vo i [omn(K) — 20]
1 fr(K) fri(k)
{PRi(K)PH(K)} = Z[pmi(K)pH(K) + phi(k)pR(K)].  (30) X My —m | (39)
2 opk)—o  onk) -

Equation(29) can be split into two- and three-band contri-
butions. Replacin@? in the prefactor by energy differences
as explained in 35, one finds

with the combination of matrix elemen@:2Y defined by

1
(2)90(— 209, , ) Gt () = S LPRn(HPRPR (K} + P~ K){pf(= k)
a3 o B Y
-5 | 2mllOPhn(){Amk) P} Xpiy(— kY] = ImEpS (A (0PN, (36
mAV T [wmn(k)]4[wmn(k) - 20]
o B y This expression is equivalent to Aspnes’s formulation of the
- f”m(k)p”m(kz{Am”(k)p"f(k)}}, (31)  SHG susceptibility for independent Bloch electréfsro-
[@mi(K)]Tomi(k) - @] vided only completely filled and empty bands are considered.
) In the case of cubic symmetry, the above expression can
) 1764 24 05, 0) = = ie® > P (K)ph(K)} be modified taking into account that only the off-diagonal
Xapy o mh2V oK) — om(K) elementsy'? are different from zero. We apply the method
k nml Xyz
of invariants by symmetrizing th&2 with respect to the
[ 16fnm(k) Cartesian directions. Defining
[0mr(K) L omdk) - 20]
1
- (k)]f;E'(k)(k) = Mamik) = S[GR(K) + Gifk) + -1 (37)
W) Om\K) ~—
o )]‘;I[n(k)( : ]] (32) E)ne ol)atains for the imaginary part of the SHG susceptibility
Win k W\n k —Z) w>0
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28(we,(K) = 20)  Hwg(K) — @)[200,(K) ~ 0g(K)] )
[ch’v(k) - wcv(k)] [chv(k) - wc’v(k)][wc’v(k) + a)cv(k)]

20(wg(K) ~20) | Ao (K) ~ @)[206,(K) - @, (K)] )
[chv’(k) - wcv(k)] [chv(k) - wcu’(k)][wcv’(k) + wcv(k)] ,

3
IM[X 2~ 20,0,0)] = —5 55> [2 Muccr(k)(

32213
wﬁvack ¢!

(38

x> Mcw,(k)<

with fully occupied valence bands) and empty conduction and the pair excitation energi€s, solve the eigenvalue
bands (c). A similar expression, but with an erroneous problem

sign, was used in Ref. 15. It is interesting to note that

the two-band termxf;;wo(—Zw,w,w) vanishes for cubic

symmetry.

> Hedcwk;c' o' kALY (k') = EAAT(K),  (40)
c'v'k’
D. Excitonic and local-field effects

Usually, the linear optical response is strongly modified
by electron-hole attractiofexcitonic effects and local-field R
effects®~2°Much less is known about the impact of electron- where Hg, is the Hermitian resonant part of the complete
hole correlation and exchange on the nonlinear opticatwo-particle Hamiltonian. It is given by
properties’! This is due to the enormously increased compu-
tational effort upon considering the coupling between
electron-hole pairs. In the following, we propose a method to
include excitonic effects in the calculation of the SHG sus-
ceptibility that is based on the time-evolution technique de-

veloped earlier by some of the present authors for solving the I:|EX(Cvk,C’v’k')

BSE!112
In the Bloch picture(24), the inclusion of the screened =[e(k) = €,(K)]18ecr 8,07 Sk
Coulomb attraction and the short-ranged exchange
term requires additional approximations. To simplify the _fda fds ot WX -0
calculation of the expectation values of the creation and an- X X[ (X) bur (XY WX, X 0)

nihilation operators in Eq.(26), we neglect dynamical * , « .,
screening effects and the interaction betwderny’) and X porr(X) dyrier (X') = 26h(X) i (X)v (%, X" 0)
(c,c’) states, which violate the particle conservation, as well N ,
as excitations corresponding to negative frequeriesthe X o 0¢) by X1, 43
case of bulk silicon, it has been numerically shéthat the
influence of these effects is negligible. The BSE can be re-
formulated to find the resolvent of a Hermitian
(quas)electron¢quasjhole HamiltonianﬁEX' reduced by the whereW is the statically screened Coulomb potential and
photon energy? This Hamiltonian leads to electron-hole pair represents the bare Coulomb potential without the long-range
states|A). For vanishing center-of-mass motiohthey are  part?”2831.34The diagonal first part of the Hamiltonia#a1)
given by contains the vertical quasiparticle transition energigk).
In the explicit computations, we calculate these quasiparticle
energies in th&W approximatior?®24The second contribu-
tion contains two terms. The first one represents the electron-
_ cwat a hole attraction, while the second one represents the short-
[A)=2 AT (880, (39) ranged electron-hole exchantjeor, in other words, LF
effects3® The ¢, (x) are quasiparticle wave functions ap-
proximated, e.g., by Kohn-Sham orbitals. Using the electron-
where|g) is the ground state of the system aAf(k) are  hole pair state$A) and their completeness in evaluating Eq.
complex mixing coefficients of electron-hole pairs in differ- (26), and neglecting intraband contributions, one obtéses
ent single-particle states of the IQA. The eigenvec§f¢k)  Appendix B

vek
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IOZC(k)AX”(k)pgivi(k")(Ailf’ N (k")
[E\ + AD][E, + 240]

a3

%) . _ e
X~ 2wiw,0) == ——— > 2 2 X
ary 2m3w3Vk’k,’k” AA' CV C:,LU]/.

x[ S Pl (ARY (KHAK) ~ 3 pf/vl(k')(A%”l)*(k’)Ailf”(k')}
cic'vy vpv'cy
PIK)AT (K)pZ,, (K (AT (')

 [E+h®][Es-Ey + 2]

X[ 2 p(c:vlc,(ku)(A?\lvl)*(k//)Ac’rvl(k//) _ 2 pg/vl(kr/)(A?\lvl)*(ku)Aj;\l,v’(k/r)i|

cic’vg vp'cy

DK A (KNP, (A (K)
[Ey —HDIEy - Ey - 200

x[ S Pl (KA KDALAK) - 3 p;“,vl(k")(A%M)*(k”)A%f’(k")}

C1C,Ul UleC]_

pf,’c(k”)AR“(k”)pcyiui(k)(Ailf’ (k)
[E, - HO][E, - 240

x[ 2 Pl (KA (KA HK) - X pf,vgk')(A%“l)*(k')A%f"(k')} By 42
cic'vy v'cy

|
The calculation Of)((az)y(—Zw;a),w) according to Eq.(42) lﬁﬂk(t):E Sl (kDD Aj:\v(k)(A?\/u’)*(k/)e—(i/h)EAt_
seemingly requires tﬁe solution of the eigenvalue problem « kK ¢ cv A
(40) for the exciton Hamiltonian(4l). The rank ofHg, is (43)

given by the number of statéé=N, X N. X Ny, whereN, is

the number of valence bands, is the number of conduction The time evolution of this vector is driven by the two-
bands, and\, is the number of points used to sample theparticle Hamiltonian

(BZ). As will be shown below, a high number kfpoints are

required to ob.taln numer!caIIyAconverged SHQ spectra. This Fe, l/’ka(t) = ihad, chuk(t)
renders the diagonalization ¢iz, a computationally very

expensive task. In order to bypass the diagonalization bottleand its initial value is given by

neck, we extend an earlier suggestion by Glutsthl.38 If

the energy dependence of the macroscopic polarizability on %Hvk(o) = pka_ (45)
the eigenvalues of the exciton Hamiltonian is Fourier trans-

formed, the polarizability can be obtained from the solutionThis results in a SHG susceptibilitgee Appendix Bof the
of an initial-value problem for the vector form

(44)

4 Y
X2~ 20;0,0) = & > dt f dt’e‘zz’teiz’"Re[E e (= LWL (), (0) + (W) () ¢l (0)}
0 0 N

maeiVAZ ey

-> w;;,k(—t){(zzfzvk)*(t');zf,vk(O)+<¢€Uk>*<t'>¢3,uk(o>}]— J dt f dt'e‘mé@t’Re[E{wf,vka)(wak)*(t')
o' 0 t o

+ 0 OWE ) N (0) = 2 (U (DL ) (1) + ZUfk(t><wé’vo*(t’)}tﬁ,i‘rvk(O)]- (46)
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While the time integrations in the first term on the right-handmany-body effects on SHG spectra. We start frdinst-

side (rhs) of Eq. (46) can be performed independently, they principles pseudopotential calculations, using a massively
cannot be separated in the second part, rendering its evaluparallel multigrid implementation of the DFT-LD®. The

tion very expensive, because of the order of filhe steps core electrons are eliminated with the use of
are usually required. Fortunately, it turns out that the secongseudopotentiat® The spacing of the finest mesh used to
term on the rhs of Eq46) is comparatively small for photon describe the valence electron wave functions and charge den-
energies above the band gap. Within the IPA, this can be seasity is 0.246 A.

easily: In this case, the second term reduces to In the second step, we include electronic self-energy ef-
fects in order to account for the quasiparticle aspects. This
-3 1 requires the replacement of the LDA exchange and correla-
3~ 2\ 172 ~ tion potential by the nonlocal and energy-dependent self-
Mo Vi k k X
@ ak @e(K) e (k) ~ o] energy operator>(r,r’;E). We calculateX in the GW
G*8(k) GP7(k) approximatior?,®3*where it is expressed as a convolution of

« 2 cc'v +2 v've

the single-particle propagatoG and the dynamicall
= 0y (k) + 00y (K) 5 0e(K) + 0yre(K) gep propag y Y

screened Coulomb interactioV. As a further approxima-
(47) tion, we use a model dielectric functithto calculateW.
This speeds up the calculations substantially. Our approach

and is thus much smaller than the double- and Singlel-ifts the underestimation of transition energies. Thg E;,

frequency contributions, i.e., contributions proportional to o @MdEy critical point energies of the bulk band structure
are blueshifted from 0.6, 2.5, 3.9, and 4.1 eV to 1.4, 3.2, 4.7,

f (k) and 5.0 eV, respectively. These transition energies are in
— e (48)  good agreement with the values of 1.52, 3.04, 4.6—-4.8, and
onm(K) = 20 4.9-5.1 eV measured at low temperatufedlternatively,

one can use a rigid shift of 0.6 elscissors operatprto
improve the agreement between the single-particle energies
and experiment. Because this is computationally much
fam(K) 9 cheaper, this option is used in the following for convergence
onr(K) = ® (49) tests. After imposing the quasiparticle corrections upon the
DFT-LDA values, one has to rescale the oscillator strengths
entering the first term on the rhs of E@6). For the case of Of the transition matrix elements®
electron-hole interaction, the small contribution of the sec- Electron-hole attraction and local-field effects are taken
ond term on the rhs of E46) is demonstrated numerically iNto account in the third step. Thereby, the exciton Hamil-
in Fig. 1. Due to computational limitations, we used a set offonian(41) is calculated using the approach outlined in Ref.
20 randonk points to sample the BZ, which is of course not 12. In particular, the screened electron-hole attractiis
enough for convergence. But it might be enough to indicatéalculated using the same approximations as in the
how the second term on the rhs of E46) contributes. This self-energy!* _
term will be neglected in the following. _ Before we tL_Jrn to th_e c_alculgted spectra, we mention one
As can be seen in Fig. 1, the SHG susceptibility Ca|Cu_d.|ff|culty associated with |nclud|n.g the electron-hole attrac-
lated according to Eq46) diverges aso— 0. Unfortunately, ~tOn effects: The .elelctron-h.ole pair energiesdo not corre-
the replacement of the prefactér by energy differences spond to the excitation of single electrqq-hole pairs anymore.
(as in the QA caseis not possible any more. For this reason Rather, they result from the superposition of many contrib-
(using our time-dependent formalism and finite lifetime
broadening of the electron-hole pairsve are not able to
calculate the static Iimi]s(f(f,)z(O) including excitonic and LF [
effects. To attack this problem, we would either need to solve 250r
the eigenvalue problert40) and to replace th&™ in Eq.
(42) by the eigenvaluek, (analogous to the method in Ref.
35, or to follow the method outlined in Ref. 21. As will be
shown below, the low-frequency values calculated within our
time-evolution approach agree well with the results by
Changet al?!

and

500_ T T T T T T T T T T T T T

Im [(1®,,,] [pm/V]

-250f

| L
: 1 2 3 4 5
IIl. EXAMPLE: BULK GaAs Photon energy [eV]

A. Computational approach @ _
o . FIG. 1. Inl)x,y,| calculated for bulk GaAs using 20 randdm
Due to the availibility of recent experimental d&t@nd  points. Complete calculations and results obtained by neglecting the
earlier theoretical worksee, e.g., Refs. 15 and 1731%e  second term on the rhs of E¢6) are shown by dashed and solid
use bulk GaAs as an example to demonstrate the influence ofies, respectively.
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-~ Ny = 8000
—- Ny = 10000
— Ny = 13000 T

2001

Im[X@y, ] [pm/V]
o

Im[gy,]

A
3

4
Photon energy [eV]

2) - . .
FIQ. 3. 'fT{Xxyz] calculated within the IQl‘(vylth scissors opera-
tor) using different numbersl, of randomk points.

4 5
Photon energy [eV] experimerft® and earlier calculatioré. The relatively small

FIG. 2. Imaginary part of the dielectric function for bulk GaAs Ir}flgeniﬁ of eXCItonICf an:j l?ial_ﬂeldf erfantS prcfnbably (?[.X_ |
calculated within the IPAdotted ling, the IQA (dashed ling and plains . e Slaccess of caicula 'f?ns 0 S Slur ace op ',Ca
by including electron-hole interactiofdashed-dotted lines com- properties where many-body effects were neglected or sim-

pared with measured datsolid line) (Ref. 43. ply approximated by rigidly shifting the conduction-band
energies>46

uting pairs of states. This leads to the question of how the C. Nonlinear response
transition matrix elements have to be renormalized. One pos-

sibility is to neglect the exciton binding energy and to rescalqs0
only with the quasiparticle energiés?

The major features of the SHG signal are converged using
0 randonk points in the BZ of the eight-atom SC. How-
ever, to achieve complete numerical convergence, the num-
P(k) ber of k points has to be increased to about 8000 random
Pn(K) = oA - Pmn(K). (50)  points in the BZ of the eight-atom SC, as shown in Fig. 3.

€mn (K) In order to establish the accuracy limits of our calculation,
Another option consists in rescaling the complete two-we calculated the SHG spectra of Si with 500 randkm
particle state with the two-particle energy, points. Due to the inversion symmetry, bulk Si is expected to
e show no SHG signal. As can be seen in Fig. 4, the magnitude
@ ()(A) (k A e (1O/(A%Y (K) of the calculated SI. SHG susceptibility is indeed more than
% Pe (ALY (k) =~ g( etUDA(k)pC”( YA &) two orders of magnitude smaller than that of GaAs. It shows

the numerical error batkeeping in mind that we are not

(52) explicitly using the inversion symmetry of Si in our ap-
In numerical tests for the linear optical response, we foundroach and is an impressive proof of the accuracy of our
only negligible differences between the two methods. In thdmplementation.

following, we use Eq(50) for SHG and Eq(51) for linear Computer time and memory limitations prevented us from
optical spectra. studying the effects of electron-hole interactions and local
B. Linear response W01 710

The linear optical response of GaAs up to 6 eV is found
to be completely converged using 1000 randerpoints in
the BZ of the eight-atom superce{SC) (equivalent to
4000k points in the BZ of the primitive unit celland 10
conduction bands. Results for the imaginary part of the di-
electric function obtained in the IPA and IQA as well as from
the solution of the BSE are compared with experirfreirt
Fig. 2. The IQA and BSE spectra are based@W calcula-
tions. We find the IQA spectrum to be blueshifted with re- , TS , , 1
spect to the IPA results. Good agreement with experiment is 0 ! hoton energy [eV] 5 6
found concerning the energy positions of tg Ej, andE,
critical points. Solving the BSE for the polarization function  F|G. 4. X(f)z calculated within the IQAwith scissors operatpr
leads to a slight redistribution of oscillator strength fr&§y  using 500 randonk points for GaAs and Si. The real part for GaAs
andE, to E; accompanied by a small redshift. The spectrum(Si) is shown by a dottedsolid) line, the imaginary part by a
calculated on the BSE level of theory agrees well withdashed-dotteddashed line. Note the different scales.

GaAs - SHG [pm/V]
Si - SHG [pm/V]
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500 — T T T T 00— T
600
2
)
=400
%
Photon energy [eV] 200 K ‘
FIG. 5. |X£(2)J calculated for GaAs within the IQAdashed ling
and by inclucﬁng excitonic and local-field effedtsolid line). See
text. PR R HN R R
% 2 2.5 3

1.5
Photon energy [eV]
fields according to Eq46) for more than 50&k points. The

SHG spectra with and without excitonic effects calculated FIG. 6. |Xi2y)J calculated within the IPAdotted ling, the IQA
with these 50 points are shown in Fig. 5. Similar to the (dashed ling and by including electron-hole attractiqdashed-
study performed by Chang, Shirley, and Levfdaye find a  dotted ling for bulk GaAs with 1000 randork in comparison with
rather moderate increase of the SHG susceptibility for enerexperiment(solid line) (Ref. 20. GW calculations are used to ob-

gies below about 3 eVsee also Table)! tain the quasiparticle energies.
For higher photon energies, a slight reduction of the sus-
ceptibility occurs. from the total measured signal to obtain the bulk contribu-

Figure 6 shows a comparison of the SHG spectrum caltion.
culated within the IPA, the IQA, and on the BSE level of
theory with experimental daf.Self-energy effects in the

GW approximation lead to a blueshift of the IPA results as IV. CONCLUSIONS
well as to a redistribution of oscillator strength. Consistent
with earlier calculations by Hughes and Sige pronounced An approach for the calculation of the second-harmonic

underestimation of the predicted peak height compared to thg,|arizability has been presented that allows for the inclusion
measurement for photon energies of about 1.5 eV is 0bat excitonic effects fronfirst-principlesover a wide energy
served. This may correspond to the underestimation 0Ethe 5nge. Numerical results obtained for bulk GaAs show that
peak in the linear absorption spectrum calculated within thgne inclusion of the electron-hole interaction improves the
IQA. Indeed, we find that the inclusion of electron-hole at-5qreement with experimental data by moderately increasing
traction and local-field effecttby adding the difference be- e SHG susceptibilty for photon energies below about 3 eV.
tween the IQA and BSE results calculated for 30points  oyever, the effect is too weak to account completely for

enhances the 1.5 eV peak. The calculated effect, however, {f¢ gifferences between the spectra within the IQA and the
certainly not large enough to fully account for the discrepanyneasured data available at present.

cies between the IQA results and experiment. One possible
reason could be the limited number lofpoints. Due to the
mixing of the states related to the exchange interaction and
electron-hole attraction, this may impair the quality of the
spectrum more than for calculations where only vertical tran-

sitions enter. On the other hand, there are also some uncq\rﬁui:;r;tr? o;ncé)r?kf);n:glcmhgtlf;?sr{]utr?eslr_eeclztr)mrellr?;zr?tﬁ B?nnzgﬂjttrturgrt
tainties in the experimental determination of the SHG sus- 9 9
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TABLE |. Low-frequency values ob(f(zy)z(—Zw;ww) [pm/V] in
comparison with previous calculations.

£0=0.586 6V £0=0.700 eV APPENDIX A: COMPARISON WITH THE
SIPE FORMALISM

IPA QA BSE IPA IQA BSE Here we show the equivalence of the expressions

Present calculation 270.0 119.5 160.0 309.0 1325 172.8B1)—(B3) from Ref. 17 to our formulation. After correcting
Changet al2! 123.9 153.4 1419 179.2 a minor misprint(see Ref. 4y and the separation into two-
and three-band contributions, one obtains from Ref. 17
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a0 2fom fm fiy
ed= 20,002 ﬁZV% 2 Ton) - on(K] Lmrxk)—zz)*wmmk)—z}*w.n(k)—a}’ -
af3 —20. 0.0 ® fnI __ fIm :|
Wind- 2000723 Erm{ " ”m(k){rm'(k)r'y”(k)}[ om0 -] oy om() ~ ]
. 2{ fnd AT om0 = 0] } } | "
wmn(k)[wmn(k) - 2(1)]
S W hred 20,00 = ﬁzz\,{g %lwm,«k)[wmn(k)— ][wn.<k>r.m<k){rmn<k>rz.<k>}—w.m<k>rz.<k>{r&<k>r%(k)}]},
(A3)
abc gie® nmrgm(k)
™ 200 hzvg%wmnm)[wmn(k) z) bl .
fond ik
B W PP i) L. L L N ) (A5)

2w ﬁ22V k nm wmn(k)[wmn(k) - ]

The dipole matrix elements;, (k) are defined d4

PrnK)
o (0= imopl) ) 7 k) (A6)
0: €,(k)=¢nk).

We collect all three-band contributions via

i
2) th
XEK[)W = XII three+ 77Itfﬁt)h/ree+ go'lclyﬁt%ree (A7)

and we obtain

(2 three( 20,0, w)

€ 5 5 il (k)n’n(k)}[ 1 p ol 1o ] |t )

Xapy Y k nml omi(K) [oin(K) = omi(K)] wﬁ'ﬂ(k) 2 wrzm(k) (k) -
X{ 1 _omk) | 1wm.(k>} 2l 0O}
[on(K) = on(K)]  ohk) 2 of(k) wmr(k) = 2w
X{ S U w.n<k>]} | (8)
[win(K) = wm(k)] (k)
[
Using the definition of the (k) in Eq. (A6), one sees that and
this expression igexcept for a factor 2 related to the spin : ‘ . A
degeneracyequivalent to the three-band contributi¢3e). @ (7 an (1) ay (ay e (1) (0)ankr(0)irred
In the same way, one can show the equivalence for the two- (B2)

band contributions.

appear. Using the completeness of the two-particle-states
and focusing only on the irreducible contributions, one can
APPENDIX B: INCLUSION OF COULOMB CORRELATION rewrite them in the form

Evaluating Eqs(25) and (26), terms such as > (gl (02 (O)| Arec( Al (Mg (7] Direa
A

<a$k(o)amk(o)a;/k/(7)am’k’(T)>irred (B1) (B3)
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and

> (glah (7)) a7 Aired Alag (Day e (DA Virea

AN’
X<A’ |a-Inkrr(O)ém’k”(O)|g>irredv (B4)

respectively. Herég) is the ground state of the system. Using the explicit time dependence of the two-particle states according
to Eq. (44), we find

([aqi(t)an (1), [ak (D@ k(1) am K (0)am k(0)]Dired

2 (B I/ﬁ)(EA_EA')t<g|a;;,kan’,k|A>irred<A|al+,kal’,k|A,>irred<A,|a':rn,ka'm’,k|g>irred
AN’

- _(i/ﬁ)EAt,e(i/h)EA't<g|a;,kan’,k|A>irred<A|a:n,kam’,k|A,>irred<A’|ai+,ka{’,k|g>irred
- e_(i/ﬁ)EAte(i/h)EA,t,<g|a|+,kal’,k|A>irred<A|a:n,kam’,k|A,>irred<A’ |al k@n' k| Dirred

+ e(i/h)EA,t’e(i/h)(EA_EA,)t<g|ar+n,kam’,k|A>irred<A|ai+,ka{',k|A’>irred<A’|a;,kan’,k|g>irred- (BS)

In the next step, we apply the relations for the independent (aI 8 kai’fk,amk,a;f, By’ K irred
quasiparticles in completely fille@) or empty(c) bands, o

= 5kk’5k’k”(50u'@c5mc’ - 5cc’5lz;5mu)v (BS)

<a$’k%,quk,am,k/>ir,ed: SicCymOik  » (B6) where we have neglected(three-bandintraband contribu-

' tion 8,,/ 8. dm (Which vanishes in the IQA That means we
only take into account the processes which already occur in
the independent-quasiparticle framework. Additional SHG

: . processes, which would be induced by the Coulomb correla-
(@) x@mkag 8 k" Virred = OmcOyl Sk’ » (B7)  tion of electrons and holes, are neglected. In crystals with
extended states, they are small. For systems with strongly
localized states and weak screening, this approximation
needs to be verified. From Eqd6)—(B8) and(26) and ac-
and counting for spin degeneracy, we obtain

X2 (= 205 w,w) = 23W3Vﬁ22 PP dtf dt’

a.9",9" kk' kyky AN cpup v’ Cav1 €0 'm'n’ Imn J o

&AL (AT ()AL (k) (AR (KDL (AL (a')

pnn/(q)p”/ q )]pmm'(q”) % {e (iIR)EAL e(i/ﬁ)(EA_EA')tan’cényqud'nciamlvr5 ”k 8k k’5 'k’[ U1U’5|015|’C’
- 5c1c’5lv’5l’v1] — e (MEA e(i/ﬁ)EA,tﬁn’cgnu‘sqk‘slcifsl’v15q”k15klk’5q’k1[5v1v'5m015m’c’ - 5(:10' Omy’ m’yl]

—(i/R)EAtS(I/A)E At
— & MENMEN 508, 81k Bt B O By Bat[ B o7 ey Orver = Boyer Bt v

+ e(i/h)(EA_EAr)te(i/fl)EA’t 5m'c5mu5q’k15n015n’v15q”k5klk’ ok ! [ o (‘)]clé],c, - 5(:10/ ﬂv’ﬁ’ul]} . (Bg)
Performing the time integrations in EB9), one obtains expressigd2). On the other hand, we can replace the occurring

coefficientsAT (k) by the vectorsyg ,(t) according to the definitiort43) and obtain the SHG susceptibility in the time-
dependent scheme,
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in3
2 e

X2 (- 20,0,0) = > o J dt’émﬂ”x{[z U= WL = 0 (0) = Y (D) () (O)
0 t ¢

2mem3VAZ oy
2ok W) (O () + 9 (8 =D (W) (= DY (0) = 2 4 (= D) (1 =L, (0)

= Yo O 0], 0(0) = Y28V W) (05,1 (0) + 0,0 (¥ = D) (= t)aﬂfwgo)} (B w}.
(B10)
Equation(B10) can be further simplified by adding the occurring complex conjugated terms, e.g.,
Y= D@ (1 =Dy (0)
Pt = D) (- D (0)
=2 Ry, (- DY) (1 =D, (0)]. (B11)

Finally, after a simple change of the integration variables, we obtair(4&.
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