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We revisit the derivation of the expressions for the calculation of second-harmonic generation spectra and
show the equivalence of different approaches proposed in the literature. A method is suggested to include
excitonic effects in the calculation. Numerical tests are performed for the linear and nonlinear optical response
of bulk GaAs. Excitonic effects are found to give rise to a redistribution of oscillator strength, thus improving
the agreement with experiment.
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I. INTRODUCTION

Linear and nonlinear methods of optical spectroscopy are
rapidly gaining importance for materials characterization.1–3

Even-order nonlinear optical spectroscopy has emerged as an
unusually sensitive technique for noninvasive analysis of
surfaces and buried interfaces of centrosymmetric materials.4

In order to fully exploit the diagnostic potential of such spec-
troscopies and in order to assist in the development of novel
optical materials, methods are required to predict the magni-
tude and frequency dependence of linear and nonlinear opti-
cal susceptibilities with high accuracy. Recent years have
seen impressive methodological progress in the accurate nu-
merical modeling of linear optical properties fromfirst-
principles.

The typical starting point is the independent-
squasidparticle approximationsIPA/IQAd in which the linear
dielectric functionsfor translationally invariant systemsd is
given by

eabsvd = dab +
8pe2

"m2ṽ2V
o
nmk

fnmskd
pnm

a skdpmn
b skd

vmnskd − ṽ
. s1d

Here thefnmskd= f(enskd)− f(emskd) are the Fermi blocking
factors for the Bloch statesunkl and umkl with the energies
enskd andemskd, V is the system volume, andṽ=v+ ih is the
frequency with a small positive imaginary parth, which
turns off the electromagnetic field adiabatically. The

pnm
a = knk up̂aumkl s2d

are the momentum matrix elements of the system and
"wmnskd=emskd−enskd are the energy differences between
bandm and n at point k in the Brillouin zonesBZd. These
values can be calculated, e.g., within density-functional
theory in the local-density approximationsDFT-LDAd. Addi-
tionally, self-energy effects can be included in theGW
approximation.5–7 Moreover, the Bethe-Salpeter equation
sBSEd can be solved for pair excitations in order to account
for excitonic and local-fieldsLFd contributions to the linear
optical response.8–10 Linear optical properties can thus be
predicted reliably even for complex systems such as semi-
conducter surfaces11,12 or water.13

The progress in the numerical determination of nonlinear
optical susceptibilities, however, is lagging behind. The for-
malism is far more complex. Therefore, different numerical

and methodological approaches for theab initio calculation
of the nonlinear optical response are used,14–16 which are
not easily seen to be equivalent. Numerical results
obtained within the IQA for the second-harmonic suscepti-
bility xxyz

s2d s−2v ;v ,vd, even of simple bulk systems such as
GaAs,15,17–19 neither agree very well with each other nor
with the experiment.20 Numerical results including electron-
hole interaction are presently available only for low
photon frequencies.21 Due to these deficiencies in the
numerical modeling of second-harmonic generation
sSHGd spectra from first-principles, empirical and
semiempirical approaches22,23 are still widely used for their
interpretation.

The deficiencies in the theoretical description and numeri-
cal calculation of SHG spectra motivate the present study.
We start with a brief review of the methodology to calculate
response functions from band-structure theory. For the SHG
case, the equivalence to Aspnes’ approach16 as well as to the
derivation by Sipeet al.17 is shown. Then a method is pro-
posed to include excitonic and local-field effects in
nonlinear-response functions. Finally, numerical results for
the prototypical example of bulk GaAs are presented. Both
linear and nonlinear optical responses are discussed, to allow
for a better understanding of the physics behind the many-
body interactions.

II. THEORY

A. Time-dependent perturbation theory

Within the interaction picture, the time evolution operator
is given by

Ûstd = 1 −
i

"
E

−`

t

dt8Ĥextst8dÛst8d, s3d

with the external perturbation Hamiltonian in minimum cou-
pling convention
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Ĥextstd = −
1

c
E d3xĵ dynsx,tdAextsx,td −

e2

2mc2 E d3xr̂sx,td

3fAextsx,tdg2, s4d

where

ĵ dynsx,td =
e

2m
fĈ†sx,tdfp̂Ĉsx,tdg − fp̂Ĉ†sx,tdgĈsx,tdg

s5d

is the dynamical current density operator andAext represents
the vector potential of the external electromagnetic field. The
total current density operator

ĵ sx,td = ĵ dynsx,td −
e2

mc
r̂sx,tdAextsx,td s6d

can be obtained by replacing the mechanical by the electro-
dynamical momentum operator.

We restrict ourselves to insulators and undoped
semiconductors. Then, the free-carrier density vanishes at
zero temperature. Consequently, we neglect terms propor-
tional to expectation values of the electron density operator
in Eq. s4d.

Exploiting gauge invariance,48 we set

wextsx,td = 0, s7d

Eextsx,td = −
1

c
]tA

extsx,td, s8d

Bextsx,td = = 3 Aextsx,td s9d

according to the transversal gauge. Herewext is the scalar
potential,Eext is the external electric field, andBext is the
external magnetic field. To describe the response, we start
from the relation between induced and total current density
operators,

ĵ indsx,td = Û†stdĵ sx,tdÛstd − ĵ dynsx,td, s10d

and expand the former in a power series of the vector poten-
tial Aext. By expanding Eq.s3d as

Ûstd = 1 −
i

"
E

−`

t

dt8Ĥextst8d

−
1

"2E
−`

t

dt8E
−`

t8
dt9Ĥextst8dĤextst9d + ¯ , s11d

one obtains from Eq.s4d swithout terms proportional to the
free-carrier densityd

ĵ indsx,td = o
i=1

`

ĵ indsidsx,td, s12d

with

ĵa
inds1dsx,td = −

i

"c
E d3x8E

−`

t

dt8

3 f ĵb
dynsx8,t8d, ĵa

dynsx,tdgAb
extsx8,t8d s13d

ĵa
inds2dsx,td = −

1

"2c2 E d3x8E d3x9E
−`

t

dt8E
−`

t8
dt9

3 † ĵg
dynsx9,t9d,f ĵb

dynsx8,t8d, ĵa
dynsx,tdg‡

3 Ag
extsx9,t9dAb

extsx8,t8d. s14d

The corresponding expectation values for nonmagnetic ma-
terials are given by

k ĵa
inds1dsx,tdl = o

b
E d3x8E

−`

`

dt8

3s̃ab
s1dsx,x8,t − t8dEb

extsx8,t8d, s15d

k ĵa
inds2dsx,tdl = o

bg
E d3x8E d3x9E

−`

`

dt8E
−`

`

dt9

3s̃abg
s2d sx,x8,x9,t − t8,t − t9dEb

extsx8,t8d

3Eg
extsx9,t9d, s16d

where s̃sid are the quasiconductivity tensors. This
is in contrast to the conductivity tensorsssid that are related
to an expansion with respect to the total electic field
Esx,td=Eindsx,td+Eextsx,td. One can interpret the induced
electric field as a field generated by the redistribution
of the system electrons in the presence of the external
perturbation. Within the self-consistent-field approximation,
this effect is already contained in the Hamiltonian
via the density-dependent self-consistent potential.24

However, it can be shown that this effect can account
for restricting the calculation of the conductivities to
terms containing irreducible graphs,49 the so called irreduc-
ible part of the expectation value.25–28 Therefore, it holds
that

us̃siduirred→ ssid.

Taking into account that the electric fieldsEb
ext and Eg

ext

are physically equivalent, the conductivity tensors are
given by

sab
s1dsx,x8,t − t8d = Qst − t8d

3
1

i"
E

t

t8
dt9kf ĵb

dynsx8,t9d, ĵa
dynsx,tdglirred

s17d

and
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sabg
s2d sx,x8,x9,t − t8,t − t9d

= −
1

2"2E
−`

t

dt- 3 E
−`

t-
dt99Qst-8 − t8dQst- − t9d

3hk† ĵg
dynsx8,t99d,f ĵb

dynsx9,t-d, ĵa
dynsx,tdg‡lirred

+ sb ↔ gdj. s18d

B. Response functions

In general, the Fourier transforms of the response
functions are wave-vector-dependent. However, here
we are interested in the response to electromagnetic
waves with photon energies below 10 eV. The corresponding
photon wave vectors are small compared to the extent
of the BZ. Therefore, the following discussion is restricted
to the optical limit, i.e., vanishing wave vectors
q→0.

There is another complication related to the difference
between macroscopic and microscopic optical susceptibili-
ties, i.e., the so-called local-fieldsLFd effects.26 In the
case of the linear response, these effects can be treated
according to the prescription of Adler and Wiser.29,30

The effect of local fields can also be taken into account
by an electron-hole exchange term in the two-particle
Hamiltonian.12,31 Such a treatment of LF effects by
an additional unscreened but short-ranged Coulomb
interaction between optically excitedsquasidelectrons and
squasidholes can be used in the calculation of nonlinear op-
tical coefficients. For that reason, we follow this method for
the inculsion of LF effects. Of course, studying the limit of
independentsquasidparticles below, we neglect the influence
of these effects by neglecting the totalsquasidelectron-
squasidhole interaction.

Within these approximations, the optical polarization
Pasvd can be expressed in terms of the total macroscopic
electric fieldEsvd,32,33

Pasvd = xab
s1ds− v,vdEbsvd + xabg

s2d s− v8 − v9,v8 + v9d

3Ebsv8dEgsv9d + ¯ . s19d

For nonmagnetic materials, one obtains from Maxwell’s
equations

k ĵa
indl =

]

]t
Pastd. s20d

In combination with Eqs.s15d and s17d, this leads to the
linear dielectric function

eabsvd = dab +
4pi

ṽ
sab

s1ds0,0,vd

= dab +
4pi

"ṽ2V
E

0

`

dteiṽtkfĴas0d,Ĵbs− tdglirred,

s21d

and with Eqs.s16d and s18d to the SHG susceptibility

xabg
s2d s− 2v;v,vd = i

ss2ds0,0,0,ṽ,ṽd
2ṽ

=
i

4V"2ṽ3E
−`

0

dt8E
−`

t8
dt9

3 he−iṽt8e−iṽt9k†Ĵgst9d,fĴbst8d,Ĵas0dg‡lirred

+ sb ↔ gdj. s22d

The current operators are defined by

Ĵastd =E d3x ĵa
dynsx,td. s23d

Using a Bloch representation,

Ĵastd =
e

m
o
nmk

pnm
a skdânk

† stdâmkstd, s24d

whereânk
† std, ânkstd are the creation and annihilation opera-

tors of electrons in Bloch statesunkl, one obtains the follow-
ing expressions for the linear and nonlinearshere: SHGd re-
sponse functions:

eabsvd = dab +
4pie2

Vm2"ṽ2 o
nmk

n8m8k8

E
0

`

dteiṽtpnm
a skdpn8m8

b sk8d

3kfânk
+ stdâmkstd,ân8k8

+ s0dâm8k8s0dglirred, s25d

xabg
s2d s− 2v;v,vd =

ie3

4"2m3ṽ3V
o

kk8k9
o
nlm

o
n8l8m8

pnn8
g skdpll8

b sk8d

3pmm8
a sk9dE

−`

0

dt8E
−`

t8
dt9

3he−iṽt8e−iṽt9k†ânk
+ st9dân8kst9d,

3fâlk8
+ st8dâl8k8st8d,âmk9

+ s0dâm8k9s0dg‡lirred

+ sb ↔ gdj. s26d

So far, except for the restriction to one class of diagrams, no
assumptions have been made about the electron-electron in-
teraction. It will be specified in the following.
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C. Independent-(quasi)particle approach

The DFT-LDA eigenvalues may be interpreted as
zero-order terms of a perturbative expansion of the quasipar-
ticle energy, which can be corrected for self-energy
effects by performing quasiparticle calculations, e.g.,
in the GW approximation sGWAd,5,6,34 or by simply
shifting the unoccupied state energies by a constant value,
i.e., by applying the so-called scissors operator. In any case,
the momentum matrix elements have to be renormalized.7

With enskd representing the energy of stateunkl, the time
dependence of the creation and annihilation operators is
given by

ânk
± std = e±si/"denskdtânk

± . s27d

Together with the interband energies"vnmskd and account-
ing for spin degeneracy, the response functions take the ex-
plicit forms

eabsvd = dab +
8pe2

"m2ṽ2V
o
nmk

fnmskd
pnm

a skdpmn
b skd

vmnskd − ṽ
s28d

and

xabg
s2d s− 2v,v,vd =

− ie3

ṽ3"2m3V
o
k

o
nml

1

fvmnskd − 2ṽg

3 F fnlskdpnm
a skdhpml

b skdpln
g skdj

vlnskd − ṽ

+
fmlskdpnm

a skdhpml
g skdpln

b skdj
vmlskd − ṽ

G ,

s29d

where

hpml
b skdpln

g skdj =
1

2
fpml

b skdpln
g skd + pml

g skdpln
b skdg. s30d

Equations29d can be split into two- and three-band contri-
butions. Replacingṽ3 in the prefactor by energy differences
as explained in 35, one finds

xabg
s2d twos− 2v,v,vd

= −
ie3

m3"2V
o
nm

o
k
F16fnmskdpnm

a skdhDmn
b skdpmn

g skdj
fvmnskdg4fvmnskd − 2ṽg

−
fnmskdpnm

a skdhDmn
b skdpmn

g skdj
fvmnskdg4fvmnskd − ṽg

G , s31d

xabg
s2d threes− 2v,v,vd = −

ie3

m3"2V
o
k

o
nml

8
pnm

a skdhpml
b skdpln

g skdj
vlnskd − vmlskd

3F 16fnmskd
fvmnskdg3fvmnskd − 2ṽg

+
fmlskd

fvmlskdg3fvmlskd − ṽg

+
f lnskd

fvlnskdg3fvlnskd − ṽgG , s32d

whereDmn
b =pmm

b skd−pnn
b skd. The prime at the sum symbol-

izes that the sum runs over indicesnÞmÞ l. We mention
that the replacement of theṽ3 prefactor by energy differ-
ences is exact only for undoped semiconductors at zero tem-
perature. This can easily be seen for the imaginary part of the
response function.35 For the linear case, it has been shown
that this replacement corresponds to the gauge invariance of
the response functions.50 As shown in Appendix A, formulas
s31d ands32d are equivalent to the corresponding expressions
derived by Sipe, Ghahramani, and Hughes.14,17Appendix A
also shows that our derivation allows a more condensed for-
mulation of the final result for the second-order coefficients.
The Bloch representations24d includes both intraband and
interband terms, without further discrimination. In the intra-
band case, the momentum matrix elements take the simple
form

pnn
a skd =

m

"

]

]ka

enskd. s33d

The numerical calculations take advantage from exploiting
symmetry properties. Time-reversal symmetry requires for
the transition matrix elements

pnm
a skd = − pmn

a s− kd, s34d

whereas the occupation numbers and band energies are in-
variant with respect to an inversion in the reciprocal space.
This results in

xabg
s2d s− 2v,v,vd =

e3

ṽ3"2m3V
o
k

o
nml

Gnml
abgskd

fvmnskd − 2ṽg

3 F fnlskd
vlnskd − ṽ

+
fmlskd

vmlskd − ṽ
G , s35d

with the combination of matrix elementsGnml
abg defined by

Gnml
abgskd =

1

2i
fpnm

a skdhpml
b skdpln

g skdj + pnm
a s− kdhpml

b s− kd

3pln
g s− kdjg = Imfpnm

a skdhpml
b skdpln

g skdjg. s36d

This expression is equivalent to Aspnes’s formulation of the
SHG susceptibility for independent Bloch electrons,16 pro-
vided only completely filled and empty bands are considered.

In the case of cubic symmetry, the above expression can
be modified taking into account that only the off-diagonal
elementsxxyz

s2d are different from zero. We apply the method
of invariants by symmetrizing theGnml

abg with respect to the
Cartesian directions. Defining

Mnmlskd =
1

6
fGnml

xyzskd + Gnml
xzyskd + ¯ g s37d

one obtains for the imaginary part of the SHG susceptibility
sv.0d
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Imfxxyz
s2d s− 2v,v,vdg =

pe3

v3"2m3V
o
vck
Fo

c8

Mvcc8skdS 2d„vcvskd − 2v…

f2vc8vskd − vcvskdg
+

d„vcvskd − v…f2vc8vskd − vcvskdg

f2vcvskd − vc8vskdgfvc8vskd + vcvskdgD
3o

v8

Mcvv8skdS 2d„vcvskd − 2v…

f2vcv8skd − vcvskdg
+

d„vcvskd − v…f2vcv8skd − vcvskdg

f2vcvskd − vcv8skdgfvcv8skd + vcvskdgDG , s38d

with fully occupied valence bandssvd and empty conduction
bands scd. A similar expression, but with an erroneous
sign, was used in Ref. 15. It is interesting to note that
the two-band termxabg

s2d twos−2v ,v ,vd vanishes for cubic
symmetry.

D. Excitonic and local-field effects

Usually, the linear optical response is strongly modified
by electron-hole attractionsexcitonic effectsd and local-field
effects.8–10 Much less is known about the impact of electron-
hole correlation and exchange on the nonlinear optical
properties.21 This is due to the enormously increased compu-
tational effort upon considering the coupling between
electron-hole pairs. In the following, we propose a method to
include excitonic effects in the calculation of the SHG sus-
ceptibility that is based on the time-evolution technique de-
veloped earlier by some of the present authors for solving the
BSE.11,12

In the Bloch pictures24d, the inclusion of the screened
Coulomb attraction and the short-ranged exchange
term requires additional approximations. To simplify the
calculation of the expectation values of the creation and an-
nihilation operators in Eq.s26d, we neglect dynamical
screening effects and the interaction betweensv ,v8d and
sc,c8d states, which violate the particle conservation, as well
as excitations corresponding to negative frequencies.34 In the
case of bulk silicon, it has been numerically shown36 that the
influence of these effects is negligible. The BSE can be re-
formulated to find the resolvent of a Hermitian

squasidelectron-squasidhole HamiltonianĤEx, reduced by the
photon energy.12 This Hamiltonian leads to electron-hole pair
statesuLl. For vanishing center-of-mass motion,51 they are
given by

uLl = o
vck

AL
cvskdâck

† âvkugl, s39d

where ugl is the ground state of the system andAL
cvskd are

complex mixing coefficients of electron-hole pairs in differ-
ent single-particle states of the IQA. The eigenvectorsAL

cvskd

and the pair excitation energiesEL solve the eigenvalue
problem

o
c8v8k8

ĤExsc,v,k ;c8,v8,k8dAL
c8v8sk8d = ELAL

cvskd, s40d

where ĤEx is the Hermitian resonant part of the complete
two-particle Hamiltonian. It is given by

ĤExscvk,c8v8k8d

= fecskd − evskdgdcc8dvv8dkk8

−E d3xE d3x8ffck
* sxdfvksx8dWsx,x8;0d

3fc8k8sxdfv8k8
* sx8d − 2fck

* sxdfvksxdv̄sx,x8;0d

3fc8k8sx8dfv8k8
* sx8dg, s41d

whereW is the statically screened Coulomb potential andv̄
represents the bare Coulomb potential without the long-range
part.27,28,31,34The diagonal first part of the Hamiltonians41d
contains the vertical quasiparticle transition energiesenskd.
In the explicit computations, we calculate these quasiparticle
energies in theGWapproximation.5,6,34The second contribu-
tion contains two terms. The first one represents the electron-
hole attraction, while the second one represents the short-
ranged electron-hole exchange,37 or, in other words, LF
effects.36 The fnksxd are quasiparticle wave functions ap-
proximated, e.g., by Kohn-Sham orbitals. Using the electron-
hole pair statesuLl and their completeness in evaluating Eq.
s26d, and neglecting intraband contributions, one obtainsssee
Appendix Bd
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xabg
s2d s− 2v;v,vd = −

ie3

2m3ṽ3V
o

k,k8,k9
o
LL8

o
cv

o
c18v18
H+

pvc
g skdAL

cvskdpc18v18
a sk9dsAL8

c18v18d*sk9d

fEL + "ṽgfEL8 + 2"ṽg

3F o
c1c8v1

pc1c8
b sk8dsAL

c1v1d*sk8dAL8
c8v1sk8d − o

v1v8c1

pv8v1

b sk8dsAL
c1v1d*sk8dAL8

c1v8sk8dG
−

pvc
g skdAL

cvskdpc18v18
b sk8dsAL8

c18v18d*sk8d

fEL + "ṽgfEL − EL8 + 2"ṽg

3F o
c1c8v1

pc1c8
a sk9dsAL

c1v1d*sk9dAL8
c8v1sk9d − o

v1v8c1

pv8v1

a sk9dsAL
c1v1d*sk9dAL8

c1v8sk9dG
−

pvc
b sk8dAL

cvsk8dpc18v18
g skdsA

L8
c18v18d*skd

fEL8 − "ṽgfEL8 − EL − 2"ṽg

3F o
c1c8v1

pc1c8
a sk9dsAL

c1v1d*sk9dAL8
c8v1sk9d − o

v1v8c1

pv8v1

a sk9dsAL
c1v1d*sk9dAL8

c1v8sk9dG
+

pvc
a sk9dAL

cvsk9dpc18v18
g skdsA

L8
c18v18d*skd

fEL8 − "ṽgfEL − 2"ṽg

3F o
c1c8v1

pc1c8
b sk8dsAL

c1v1d*sk8dAL8
c8v1sk8d − o

v1v8c1

pv8v1

b sk8dsAL
c1v1d*sk8dAL8

c1v8sk8dG + sb ↔ gdJ . s42d

The calculation ofxabg
s2d s−2v ;v ,vd according to Eq.s42d

seemingly requires the solution of the eigenvalue problem
s40d for the exciton Hamiltonians41d. The rank ofĤEx is
given by the number of statesN=Nv3Nc3Nk, whereNv is
the number of valence bands,Nc is the number of conduction
bands, andNk is the number of points used to sample the
sBZd. As will be shown below, a high number ofk points are
required to obtain numerically converged SHG spectra. This
renders the diagonalization ofĤEx a computationally very
expensive task. In order to bypass the diagonalization bottle-
neck, we extend an earlier suggestion by Glutschet al.:38 If
the energy dependence of the macroscopic polarizability on
the eigenvalues of the exciton Hamiltonian is Fourier trans-
formed, the polarizability can be obtained from the solution
of an initial-value problem for the vector

ccvk
b std = o

k
o
c8v8

pc8v8
b sk8do

L

AL
cvskdsAL

c8v8d*sk8de−si/"dELt.

s43d

The time evolution of this vector is driven by the two-
particle Hamiltonian

ĤExccvk
b std = i"]tccvk

b std s44d

and its initial value is given by

ccvk
b s0d = pcvk

b . s45d

This results in a SHG susceptibilityssee Appendix Bd of the
form

xabg
s2d s− 2v;v,vd =

ie3

m3ṽ3V"2o
cvk
E

0

`

dtE
0

`

dt8ei2ṽteiṽt8ReFo
c8

cc8vk
a s− tdhsccvk

g d*st8dccc8k
b s0d + sccvk

b d*st8dccc8k
g s0dj

− o
v8

ccv8k
a s− tdhsccvk

g d*st8dcv8vk
b s0d + sccvk

b d*st8dcv8vk
g s0djG −E

0

`

dtE
t

`

dt8eiṽteiṽt8ReFo
c8

hcc8vk
b stdsccvk

g d*st8d

+ cc8vk
g stdsccvk

b d*st8djccc8k
a s0d − o

v8

hccv8k
b stdsccvk

g d*st8d + ccv8k
g stdsccvk

b d*st8djcv8vk
a s0dG . s46d
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While the time integrations in the first term on the right-hand
side srhsd of Eq. s46d can be performed independently, they
cannot be separated in the second part, rendering its evalua-
tion very expensive, because of the order of 103 time steps
are usually required. Fortunately, it turns out that the second
term on the rhs of Eq.s46d is comparatively small for photon
energies above the band gap. Within the IPA, this can be seen
easily: In this case, the second term reduces to

− e3

m3ṽ2V"2o
cvk

1

vcvskdfvcvskd − ṽg

3Fo
c8

Gcc8v
abgskd

vcvskd + vc8vskd
+ o

v8

Gv8vc
abg skd

vvcskd + vv8cskdG
s47d

and is thus much smaller than the double- and single-
frequency contributions, i.e., contributions proportional to

fnmskd
vnmskd − 2ṽ

s48d

and

fnmskd
vnmskd − ṽ

s49d

entering the first term on the rhs of Eq.s46d. For the case of
electron-hole interaction, the small contribution of the sec-
ond term on the rhs of Eq.s46d is demonstrated numerically
in Fig. 1. Due to computational limitations, we used a set of
20 randomk points to sample the BZ, which is of course not
enough for convergence. But it might be enough to indicate
how the second term on the rhs of Eq.s46d contributes. This
term will be neglected in the following.

As can be seen in Fig. 1, the SHG susceptibility calcu-
lated according to Eq.s46d diverges asv→0. Unfortunately,
the replacement of the prefactorṽ−3 by energy differences
sas in the IQA cased is not possible any more. For this reason
susing our time-dependent formalism and finite lifetime
broadening of the electron-hole pairsd, we are not able to
calculate the static limitxxyz

s2d s0d including excitonic and LF
effects. To attack this problem, we would either need to solve
the eigenvalue problems40d and to replace theṽ−3 in Eq.
s42d by the eigenvaluesEL sanalogous to the method in Ref.
35, or to follow the method outlined in Ref. 21. As will be
shown below, the low-frequency values calculated within our
time-evolution approach agree well with the results by
Changet al.21

III. EXAMPLE: BULK GaAs

A. Computational approach

Due to the availibility of recent experimental data20 and
earlier theoretical workssee, e.g., Refs. 15 and 17–19d, we
use bulk GaAs as an example to demonstrate the influence of

many-body effects on SHG spectra. We start fromfirst-
principles pseudopotential calculations, using a massively
parallel multigrid implementation of the DFT-LDA.39 The
core electrons are eliminated with the use of
pseudopotentials.40 The spacing of the finest mesh used to
describe the valence electron wave functions and charge den-
sity is 0.246 Å.

In the second step, we include electronic self-energy ef-
fects in order to account for the quasiparticle aspects. This
requires the replacement of the LDA exchange and correla-
tion potential by the nonlocal and energy-dependent self-
energy operatorSsr ,r 8 ;Ed. We calculateS in the GW
approximation,5,6,34where it is expressed as a convolution of
the single-particle propagatorG and the dynamically
screened Coulomb interactionW. As a further approxima-
tion, we use a model dielectric function41 to calculateW.
This speeds up the calculations substantially. Our approach
lifts the underestimation of transition energies. TheE0, E1,
E08, andE2 critical point energies of the bulk band structure
are blueshifted from 0.6, 2.5, 3.9, and 4.1 eV to 1.4, 3.2, 4.7,
and 5.0 eV, respectively. These transition energies are in
good agreement with the values of 1.52, 3.04, 4.6–4.8, and
4.9–5.1 eV measured at low temperatures.42 Alternatively,
one can use a rigid shift of 0.6 eVsscissors operatord to
improve the agreement between the single-particle energies
and experiment. Because this is computationally much
cheaper, this option is used in the following for convergence
tests. After imposing the quasiparticle corrections upon the
DFT-LDA values, one has to rescale the oscillator strengths
of the transition matrix elements.7,14

Electron-hole attraction and local-field effects are taken
into account in the third step. Thereby, the exciton Hamil-
tonians41d is calculated using the approach outlined in Ref.
12. In particular, the screened electron-hole attractionW is
calculated using the same approximations as in the
self-energy.41

Before we turn to the calculated spectra, we mention one
difficulty associated with including the electron-hole attrac-
tion effects: The electron-hole pair energiesEL do not corre-
spond to the excitation of single electron-hole pairs anymore.
Rather, they result from the superposition of many contrib-

FIG. 1. Imfxxyz
s2d g calculated for bulk GaAs using 20 randomk

points. Complete calculations and results obtained by neglecting the
second term on the rhs of Eq.s46d are shown by dashed and solid
lines, respectively.
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uting pairs of states. This leads to the question of how the
transition matrix elements have to be renormalized. One pos-
sibility is to neglect the exciton binding energy and to rescale
only with the quasiparticle energies,7,14

pmn
a skd → emn

QPskd
emn

LDAskd
pmn

a skd. s50d

Another option consists in rescaling the complete two-
particle state with the two-particle energyEL,

o
cvk

pcv
a skdsAL

cvd*skd → o
cvk

EL

ecv
LDAskd

pcv
a skdsAL

cvd*skd.

s51d

In numerical tests for the linear optical response, we found
only negligible differences between the two methods. In the
following, we use Eq.s50d for SHG and Eq.s51d for linear
optical spectra.

B. Linear response

The linear optical response of GaAs up to 6 eV is found
to be completely converged using 1000 randomk points in
the BZ of the eight-atom supercellsSCd sequivalent to
4000k points in the BZ of the primitive unit celld and 10
conduction bands. Results for the imaginary part of the di-
electric function obtained in the IPA and IQA as well as from
the solution of the BSE are compared with experiment43 in
Fig. 2. The IQA and BSE spectra are based onGW calcula-
tions. We find the IQA spectrum to be blueshifted with re-
spect to the IPA results. Good agreement with experiment is
found concerning the energy positions of theE1, E08, andE2
critical points. Solving the BSE for the polarization function
leads to a slight redistribution of oscillator strength fromE08
andE2 to E1 accompanied by a small redshift. The spectrum
calculated on the BSE level of theory agrees well with

experiment43 and earlier calculations.44 The relatively small
influence of excitonic and local-field effects probably ex-
plains the success of calculations of GaAs surface optical
properties where many-body effects were neglected or sim-
ply approximated by rigidly shifting the conduction-band
energies.45,46

C. Nonlinear response

The major features of the SHG signal are converged using
500 randomk points in the BZ of the eight-atom SC. How-
ever, to achieve complete numerical convergence, the num-
ber of k points has to be increased to about 8000 random
points in the BZ of the eight-atom SC, as shown in Fig. 3.

In order to establish the accuracy limits of our calculation,
we calculated the SHG spectra of Si with 500 randomk
points. Due to the inversion symmetry, bulk Si is expected to
show no SHG signal. As can be seen in Fig. 4, the magnitude
of the calculated Si SHG susceptibility is indeed more than
two orders of magnitude smaller than that of GaAs. It shows
the numerical error barskeeping in mind that we are not
explicitly using the inversion symmetry of Si in our ap-
proachd and is an impressive proof of the accuracy of our
implementation.

Computer time and memory limitations prevented us from
studying the effects of electron-hole interactions and local

FIG. 2. Imaginary part of the dielectric function for bulk GaAs
calculated within the IPAsdotted lined, the IQA sdashed lined, and
by including electron-hole interactionsdashed-dotted lined is com-
pared with measured datassolid lined sRef. 43d.

FIG. 3. Imfxxyz
s2d g calculated within the IQAswith scissors opera-

tord using different numbersNk of randomk points.

FIG. 4. xxyz
s2d calculated within the IQAswith scissors operatord

using 500 randomk points for GaAs and Si. The real part for GaAs
sSid is shown by a dottedssolidd line, the imaginary part by a
dashed-dottedsdashedd line. Note the different scales.
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fields according to Eq.s46d for more than 500k points. The
SHG spectra with and without excitonic effects calculated
with these 500k points are shown in Fig. 5. Similar to the
study performed by Chang, Shirley, and Levine,21 we find a
rather moderate increase of the SHG susceptibility for ener-
gies below about 3 eVssee also Table Id.

For higher photon energies, a slight reduction of the sus-
ceptibility occurs.

Figure 6 shows a comparison of the SHG spectrum cal-
culated within the IPA, the IQA, and on the BSE level of
theory with experimental data.20 Self-energy effects in the
GW approximation lead to a blueshift of the IPA results as
well as to a redistribution of oscillator strength. Consistent
with earlier calculations by Hughes and Sipe,17 a pronounced
underestimation of the predicted peak height compared to the
measurement for photon energies of about 1.5 eV is ob-
served. This may correspond to the underestimation of theE1
peak in the linear absorption spectrum calculated within the
IQA. Indeed, we find that the inclusion of electron-hole at-
traction and local-field effectssby adding the difference be-
tween the IQA and BSE results calculated for 500k pointsd
enhances the 1.5 eV peak. The calculated effect, however, is
certainly not large enough to fully account for the discrepan-
cies between the IQA results and experiment. One possible
reason could be the limited number ofk points. Due to the
mixing of the states related to the exchange interaction and
electron-hole attraction, this may impair the quality of the
spectrum more than for calculations where only vertical tran-
sitions enter. On the other hand, there are also some uncer-
tainties in the experimental determination of the SHG sus-
ceptibility, e.g., all surface contributions must be subtracted

from the total measured signal to obtain the bulk contribu-
tion.

IV. CONCLUSIONS

An approach for the calculation of the second-harmonic
polarizability has been presented that allows for the inclusion
of excitonic effects fromfirst-principlesover a wide energy
range. Numerical results obtained for bulk GaAs show that
the inclusion of the electron-hole interaction improves the
agreement with experimental data by moderately increasing
the SHG susceptibilty for photon energies below about 3 eV.
However, the effect is too weak to account completely for
the differences between the spectra within the IQA and the
measured data available at present.
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APPENDIX A: COMPARISON WITH THE
SIPE FORMALISM

Here we show the equivalence of the expressions
sB1d–sB3d from Ref. 17 to our formulation. After correcting
a minor misprintssee Ref. 47d and the separation into two-
and three-band contributions, one obtains from Ref. 17

TABLE I. Low-frequency values ofxxyz
s2d s−2v ;vvd fpm/Vg in

comparison with previous calculations.

"v=0.586 eV "v=0.700 eV

IPA IQA BSE IPA IQA BSE

Present calculation 270.0 119.5 160.0 309.0 132.5 172.5

Changet al.21 123.9 153.4 141.9 179.2

FIG. 5. uxxyz
s2d u calculated for GaAs within the IQAsdashed lined

and by including excitonic and local-field effectsssolid lined. See
text.

FIG. 6. uxxyz
s2d u calculated within the IPAsdotted lined, the IQA

sdashed lined, and by including electron-hole attractionsdashed-
dotted lined for bulk GaAs with 1000 randomk in comparison with
experimentssolid lined sRef. 20d. GW calculations are used to ob-
tain the quasiparticle energies.

SECOND-HARMONIC POLARIZABILITY INCLUDING… PHYSICAL REVIEW B 71, 195209s2005d

195209-9



xII three
abg s− 2v,v,vd =

e3

"2V
o
k

o
nml

rnm
a skdhrml

b skdr ln
g skdj

fvlnskd − vmlskdg F 2fnm

vmnskd − 2ṽ
+

fml

vmlskd − ṽ
+

f ln

vlnskd − ṽ
G , sA1d

hII three
abg s− 2v,v,vd =

e3

"2V
o
k

o
nml
Hvmnskdrnm

a skdhrml
b skdr ln

g skdjF fnl

vln
2 skdfvlnskd − ṽg

− −
f lm

vml
2 skdfvmlskd − ṽgG

+ 2F fnmrnm
a skdhrml

b skdr ln
g skdjfvmlskd − vlnskdg

vmn
2 skdfvmnskd − 2ṽg GJ , sA2d

i

2ṽ
sII three

abg s− 2v,v,vd =
e3

"22VHo
k

o
nml

fnm

vmn
2 skdfvmnskd − ṽg

fvnlskdr lm
a skdhrmn

b skdrnl
g skdj − vlmskdrnl

a skdhr lm
b skdrmn

g skdjgJ ,

sA3d

hII two
abc s− 2ṽ,ṽ,ṽd = −

8ie3

"2V
o
k

o
nm

fnmrnm
a skd

vmn
2 skdfvmnskd − 2ṽg

hDmn
b skdrmn

g skdj, sA4d

i

2ṽ
sII two

abg s− 2v,v,vd = −
ie3

"22V
o
k

o
nm

fnmrnm
a skd

vmn
2 skdfvmnskd − ṽg

hDmn
g skdrmn

b skdj. sA5d

The dipole matrix elementsrmn
a skd are defined as14

rmn
a skd = 5 pmn

a skd
imvmnskd

: emskd Þ enskd

0: enskd = emskd.
6 sA6d

We collect all three-band contributions via

xabg
s2d three= xII three

abg + hII three
abg +

i

2ṽ
sII three

abg sA7d

and we obtain

xabg
s2d threes− 2v,v,vd =

e3

"2V
o
k

o
nml

fmlrnm
a skdhrml

b skdr ln
g skdj

vmlskd − ṽ
F 1

fvlnskd − vmlskdg
+

vmnskd
vml

2 skd
−

1

2

vlnskd
vml

2 skdG +
f lnrnm

a skdhrml
b skdr ln

g skdj
vlnskd − ṽ

3F 1

fvlnskd − vmlskdg
−

vmnskd
vln

2 skd
+

1

2

vmlskd
vln

2 skd G +
2fnmrnm

a skdhrml
b skdr ln

g skdj
vmnskd − 2ṽ

3F 1

fvlnskd − vmlskdg
+

fvmlskd − vlnskdg
vmn

2 skd G . sA8d

Using the definition of thernm
a skd in Eq. sA6d, one sees that

this expression issexcept for a factor 2 related to the spin
degeneracyd equivalent to the three-band contributions32d.
In the same way, one can show the equivalence for the two-
band contributions.

APPENDIX B: INCLUSION OF COULOMB CORRELATION

Evaluating Eqs.s25d and s26d, terms such as

kank
† s0damks0dan8k8

† stdam8k8stdlirred sB1d

and

kank
† st8dan8kst8dalk8

† stdal8k8stdamk9
† s0dâm8k9s0dlirred

sB2d

appear. Using the completeness of the two-particle-statesuLl
and focusing only on the irreducible contributions, one can
rewrite them in the form

o
L

kguank
† s0damks0duLlirredkLuan8k8

† stdam8k8stduglirred

sB3d
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and

o
LL8

kguank
† st8dan8kst8duLlirredkLualk8

† stdal8k8stduL8lirred

3kL8uamk9
† s0dâm8k9s0duglirred, sB4d

respectively. Hereugl is the ground state of the system. Using the explicit time dependence of the two-particle states according
to Eq. s44d, we find

k†an,k
+ st8dan8,kst8d,fal,k

+ stdal8,kstd,am,k
+ s0dam8,ks0dg‡lirred

= o
LL8

e−si/"dELt8esi/"dsEL−EL8dtkguan,k
+ an8,kuLlirredkLual,k

+ al8,kuL8lirredkL8uam,k
+ am8,kuglirred

− e−si/"dELt8esi/"dEL8tkguan,k
+ an8,kuLlirredkLuam,k

+ am8,kuL8lirredkL8ual,k
+ al8,kuglirred

− e−si/"dELtesi/"dEL8t8kgual,k
+ al8,kuLlirredkLuam,k

+ am8,kuL8lirredkL8uan,k
+ an8,kuglirred

+ esi/"dEL8t8esi/"dsEL−EL8dtkguam,k
+ am8,kuLlirredkLual,k

+ al8,kuL8lirredkL8uan,k
+ an8,kuglirred. sB5d

In the next step, we apply the relations for the independent
quasiparticles in completely filledsvd or emptyscd bands,

kav,k
† ac,kal,k8

† am,k8lirred = dlcdvmdkk8, sB6d

kal,k
† am,kac,k8

† av,k8lirred = dmcdvldkk8, sB7d

and

kav,k
† ac,kal,k8

† am,k8ac8,k9
† av8,k9lirred

= dkk8dk8k9sdvv8dlcdmc8 − dcc8dlvdmvd, sB8d

where we have neglected asthree-band-dintraband contribu-
tion dvv8dcc8dlm swhich vanishes in the IQAd. That means we
only take into account the processes which already occur in
the independent-quasiparticle framework. Additional SHG
processes, which would be induced by the Coulomb correla-
tion of electrons and holes, are neglected. In crystals with
extended states, they are small. For systems with strongly
localized states and weak screening, this approximation
needs to be verified. From Eqs.sB6d–sB8d and s26d and ac-
counting for spin degeneracy, we obtain

xabg
s2d s− 2w;w,wd =

ie3

2m3w̃3V"2 o
q,q8,q9

o
k,k8

o
k1,k18

o
LL8

o
c18v18

o
c8v8

o
c1v1

o
cv

o
l8m8n8

o
lmn
E

−`

0

dtE
−`

t

dt8

3e−iw̃st+t8dAL
cvskdAL8

c8v8sk8dsAL
c1v1d*sk1dsA

L8
c18v18d*sk18dfpnn8

g sqdpll8
b sq8d

+ pnn8
b sqdpll8

g sq8dgpmm8
a sq9d 3 He−si/"dELt8esi/"dsEL−EL8dtdn8cdnvdqkdmc18

dm8v18
dq9k18

dk1k8dq8k8fdv1v8dlc1
dl8c8

− dc1c8dlv8dl8v1
g − e−si/"dELt8esi/"dEL8tdn8cdnvdqkdlc18

dl8v18
dq9k1

dk1k8dq8k18
fdv1v8dmc1

dm8c8 − dc1c8dmv8dm8v1
g

− e−si/"dELtesi/"dEL8t8dl8cdlvdq8kdnc18
dn8v18

dq9k8dk1k8dqk18
fdv1v8dmc1

dm8c8 − dc1c8dmv8dm8v1
g

+ esi/"dsEL−EL8dtesi/"dEL8t8dm8cdmvdq8k1
dnc18

dn8v18
dq9kdk1k8dqk18

fdv1v8dlc1
dl8c8 − dc1c8dlv8dl8v1

gJ . sB9d

Performing the time integrations in Eq.sB9d, one obtains expressions42d. On the other hand, we can replace the occurring
coefficientsAL

cvskd by the vectorsccvk
a std according to the definitions43d and obtain the SHG susceptibility in the time-

dependent scheme,
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xabg
s2d s− 2v,v,vd =

ie3

2m3ṽ3V"2o
cvk
E

0

`

dtE
t

`

dt8eiṽst+t8d 3 HFo
c8

cc8vk
a s− tdsccvk

g d*st8 − tdccc8k
b s0d − cc8vk

b stdsccvk
g d*st8dccc8k

a s0d

− cc8vk
g st8dsccvk

b d*stdccc8k
a s0d + cc8vk

g st8 − tdsccvk
a d*s− tdccc8k

b s0d − o
v8

ccv8k
a s− tdsccvk

g d*st8 − tdcvv8k
b s0d

− ccv8k
b stdsccvk

g d*st8dcvv8k
a s0d − ccv8k

g st8dsccvk
b d*stdcvv8k

a s0d + ccv8k
g st8 − tdsccvk

a d*s− tdcvv8k
b s0dG + sb ↔ gdJ .

sB10d

EquationsB10d can be further simplified by adding the occurring complex conjugated terms, e.g.,

cc8vk
a s− tdsccvk

g d*st8 − tdccc8k
b s0d

+ cc8vk
g st8 − tdsccvk

a d*s− tdccc8k
b s0d

= 2 Refcc8vk
a s− tdsccvk

g d*st8 − tdccc8k
b s0dg. sB11d

Finally, after a simple change of the integration variables, we obtain Eq.s46d.
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