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1.  Introduction

Lithium niobate (LiNbO3, LN, see figure 1) is a ferroelectric 
material with outstanding physical properties used in a wide 
range of technical applications. Due to its large pyroelectric, 
piezoelectric, acousto-optic, nonlinear, and electro-optic coef-
ficients, it is ideally suited for applications such as optical 
switches, acoustic-wave transducers and filters in cellphones, 
motion controllers, or optical modulators and wavelength 
converters in fibre telecommunication systems [1]. Despite its 
versatility and widespread use in photonics, many properties 
of LN are far from being really understood.

In particular, the fundamental band gap is the subject of 
ongoing LN research with high significance for optical appli-
cations. While experimental values between 3.28 [2] and 
4.3 eV [3] have been reported, theoretical predictions range 
from 2.62 eV in the single-particle scheme [4] to 6.53 eV from 
simplified quasiparticle calculations [5]. The discrepancies 

are partially related to methodological reasons [6] and par-
tially to the sample stoichiometry [7], but in part they arise 
from lattice vibration effects: a temperature-dependent shift 
of the fundamental absorption edge by 0.5 eV was found by 
Redfield and Burke [7] in the range of 0–667 K. A tempera-
ture dependence was also noticed in the measured refractive 
indices [8, 9]. Clearly, electronic and optical excitations are 
affected via electron–phonon coupling.

While many experimental [10–17] and theoretical [5, 18–20] 
studies have been dedicated to the LN lattice vibrations, the pre-
sent knowledge of the phonon modes and frequencies is essen-
tially limited to the center of the Brillouin zone. In fact, we are 
aware of only a single attempt to determine the full LN phonon 
dispersion curves: Parlinski et al [19] calculated the phonon 
frequencies at four high-symmetry points and then approxi-
mated the dispersion using an interpolation scheme based on 
the crystal symmetry. Furthermore, the angular dispersion rela-
tion of extraordinary phonons at the Γ point was studied in [20].
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The present work has two aims: first, we extend the knowl-
edge of the LN lattice vibrations by an accurate quantitative 
calculation of the complete phonon dispersion over the first 
Brillouin zone from first principles via density-functional per-
turbation theory (DFPT). Instead of interpolating, we com-
pute the phonon modes individually on a fine mesh throughout 
the first Brilloiun zone, which leads to notable changes in 
the dispersion compared to less elaborate previous studies. 
These phonon frequencies allow for an excellent reproduc-
tion of the measured specific heat at temperatures up to 350 
K. Second, we analyze the impact of vibronic effects on the 
electronic band structure by determining the zero-point renor-
malization (ZPR) within DFPT. Our results are validated by 
a frozen-phonon calculation in which we evaluate the ZPR 
independently at five phonon wave vectors for comparison. 
By integrating over all phonon modes we ultimately obtain 
a first-principles value for the zero-point correction of the 
electronic band gap, which agrees well with a value that we 
extract from experimental measurements of the fundamental 
absorption edge [7].

2.  Computational method

Our calculations are performed within density-functional 
theory (DFT) [21, 22] as implemented in the ABINIT 
package [23–25]. The lattice dynamics are calculated within 
density-functional perturbation theory [26–29]. The electron 
exchange and correlation interaction is described by the local-
density approximation (LDA) as parametrized by Perdew and 
Zunger [30] as well as the generalized gradient approxima-
tions (GGA) by Perdew, Burke, and Ernzerhof (PBE) [31], by 
Perdew et al (PBEsol) [32], and by Armiento and Mattsson 

(AM05) [33]. The PBEsol and AM05 functionals are known 
to closely reproduce the experimental lattice constants [34], 
which is important for an accurate evaluation of the inter-
atomic forces and thus the phonon frequencies. In contrast, 
LDA lattice constants are usually 1–2% too small, while PBE 
typically yields 1–2% larger lattice constants compared to 
experimental values. The electron-ion interaction is modeled 
using optimized norm-conserving Vanderbilt pseudopoten-
tials [35]. Thereby, the 1s and 2s orbitals of lithium, the 2s 
and 2p orbitals of oxygen, and the 4s, 4p, 4d, and 5s orbitals 
of niobium are treated as valence states.

A plane-wave basis set defined by a kinetic cut-off energy 
of 46 Hartree and a Monkhorst-Pack [36] mesh of × ×4 4 4 
k points in the first Brillouin zone lead to energies that are 
converged within × −1 10 5 Hartree. The atomic positions are 
determined using the effective Broyden–Fletcher–Goldfarb–
Shanno minimization scheme [37] until the Hellmann–
Feynman forces drop below × −5 10 Hartree/Bohr7 . While the 
calculation of the phonon band structure and displacements 
is sampled on a × ×4 4 4 q-point mesh and converged within 
1 cm−1, far more q points are required to obtain converged 
results for the ZPR.

The lattice contribution to the specific heat capacity per 
unit cell at constant volume, given by
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is calculated here from the phonon density of states ( )ωg  deter-
mined on a × ×15 15 15 q-point mesh and using a 5 cm−1 
frequency interval width, which leads to a numerical error below 
0.1%. The symbol n denotes the number of atoms per unit cell.

Figure 1.  Ferroelectric phase of lithium niobate. The lithium (grey) 
and oxygen (red) atoms are displaced along the three-fold vertical 
axis. Niobium atoms are displayed in blue.

Table 1.  Reduced hexagonal coordinates of the LN atomic basis.
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The q-dependent zero-point renormalization ε ( )∆ qnk
ZPR  of 

the electronic Kohn–Sham eigenvalues is computed using 
both a finite-difference technique [38] as well as the DFPT 
implementation of the Allen, Heine and Cardona (AHC) 
theory [39, 40] in ABINIT [41, 42]. Within a × ×8 8 8 
q-point mesh we achieve an error bar of, on average, 
0.007 eV and at most 0.033 eV for the electronic eigen-
values εnk. To restrict the high computational effort but 
nevertheless take the strong q-point dependence near Γ 
properly into account, we use 98 additional q points close 
to the Brillouin-zone center, corresponding locally to a 
× ×16 16 16 q-point mesh, which reduces the maximum 

error to 0.015 eV. In case of the finite-difference method, 
the ZPR is obtained from the second-order derivative of the 
electronic eigenvalues εnk with respect to the amplitude h of 
the phononic displacements
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where ( )ω qj  is the frequency of phonon mode j, Uj is the 
normalized phonon eigendisplacement vector of the j’th 
phonon mode [38], l is the number of the unit cell and 
κ the index of the atom. Rl is a lattice vector and ( )

κRl,
0  a 

vector to the equilibrium position of atom κ. To evaluate 
the curvature, we fit ε ( )=h 0nk  and ε ( )=h m5 Bohrnk e  to 
a parabolic curve. This choice of h leads to displacements 
of about × −4 10 3 Å. For illustrative purposes, we compute 
the ZPR for five different q points in the first Brillouin 
zone. Earlier studies [38, 43, 44] suggest a strong q-point 

dependence of the ZPR for the electronic eigenenergies in 
solids such as diamond, which we find here as well for the 
case of LN.

3.  Results

3.1.  Structure optimization

LiNbO3 is a member of the trigonal crystal system. Its uni-
axial unit cell contains 10 atoms, i.e. two formula weights 
per primitive (rhombohedral) unit cell. Below 1480 K, LN 
is ferroelectric and occurs in the R3c space group (3m crys-
tallographic group). At the Curie temperature it undergoes a 
structural phase transition to the more symmetric R c3  space 
group (−3m crystallographic group). Figure  1 shows the 
primitive rhombohedral unit cell. As rhombohedral coor-
dinates are less descriptive, we list the atomic positions in 
reduced hexagonal coordinates in table 1. In this setting, two 
primitive vectors ( )− a a3 /2, /2, 0  and (0, −  a, 0) lie in the xy 
plane, while the third vector (0, 0, c) points along the z direc-
tion. a and c are the hexagonal lattice parameters. The internal 
parameters u, v, w, z for the ferroelectric phase and x for the 
paraelectric phase are degrees of freedom of the respective 
symmetry group and determined during the relaxation. The 
optimized lattice parameters are given in table  2 and com-
pared to neutron powder-diffraction measurements at 300 K 
for the ferroelectric phase and at 1500 K for the paraelectric 
phase [45], as well as earlier calculations within LDA by 
Veithen and Ghosez [20] and within GGA-PW91 [46, 47] by  
Schmidt et al [5].

As expected, the PBEsol and AM05 functionals perform 
best in the ferroelectric case, while, similar to earlier calcu-
lations [5, 20], PBE and LDA over- and underestimate the 

Table 2.  Calculated LN lattice parameters in comparison to experimental data for the ferroelectric phase at 300 K and the paraelectric 
phase at 1500 K and to previous calculations.

Ferroelectric phase a Å−1 c Å−1 u v w z

LDA 5.060 13.707 0.0130 0.0273 0.0177 0.0337
PBE 5.194 14.030 0.0094 0.0378 0.0202 0.0317
PBEsol 5.149 13.860 0.0111 0.0355 0.0187 0.0325

PBEsol (Ωexpt
PE ) 5.251 14.050 0.0088 0.0480 0.0193 0.0328

AM05 5.171 13.902 0.0103 0.0387 0.0191 0.0323
Expt. ([45]) 5.151 13.876 0.0095 0.0383 0.0192 0.0329
Theory ([20]) 5.067 13.721 0.0125 0.0302 0.0183 0.0350
Theory ([5]) 5.161 13.901 0.0121 0.0278 0.0191 0.0339

Paraelectric phase a Å−1 c Å−1 x

LDA 5.116 13.595 0.039
PBE 5.231 13.817 0.047
PBEsol 5.199 13.688 0.046

PBEsol (Ωexpt
PE ) 5.285 13.869 0.055

AM05 5.215 13.712 0.048
Expt. ([45]) 5.289 13.848 0.060
Theory ([20]) 5.125 13.548 0.042
Theory ([5]) 5.219 13.756 0.041

Note: PBEsol (Ωexpt
PE ) denotes calculations that were performed at the unit-cell volume measured at 1500 K.

J. Phys.: Condens. Matter 27 (2015) 385402
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experimental lattice constants, respectively. For the internal 
lattice parameters the agreement is generally much better, 
except that LDA yields a notably too small value for v. 
Interestingly, [5] and [20] also reported very small theoretical 
values for v.

For the paraelectric phase, no functional is able to predict 
the experimentally observed lattice constants. This is not sur-
prising, because DFT is a ground-state theory that does not 
take thermal expansion into account. Furthermore, the internal 
parameter x, which plays the same role as v in the ferroelec-
tric phase, is consistently underestimated. PBE shows the best 
overall agreement with [45] due to a cancellation of errors. In 
order to simulate the effect of thermal expansion, we perform 
an additional relaxation of the unit cell and the atomic posi-
tions, i.e. the internal parameter x, with the unit-cell volume 
Ω kept at the experimental value at 1500 K [45]. The corre-

sponding results are denoted as Ωexpt
PE . In this case, not only the 

lattice constants a and c, but also the parameter x turn out to 
be very close to the experimental values. Apparently, the other 
theoretical results underestimate the internal parameter x due 
to the too small theoretical volume.

As there is no indication of a volume change during the 

phase transition [48], we also use the same value Ωexpt
PE  that 

was measured for the paraelectric phase at 1500 K to deter-
mine the structure of ferroelectric LN at elevated tempera-

tures. With the volume fixed at Ωexpt
PE , we optimize the lattice 

constants a and c as well as all internal parameters. Consistent 
with our results for x in the paraelectric phase, we observe a 
notable increase of the internal parameter v in this scenario.

3.2.  Phonons at Brillouin-zone center

The transversal optical (TO) phonon frequencies at Γ calcu-
lated here for the ferroelectric phase are presented in table 3. 
We compare our results to the Raman measurements of nearly 
stoichiometric LN crystals at room temperature by Margueron 
et al [12], which are in good agreement with [10, 13–17]. As 
there are only a few measurements of the silent A2 modes, we 
compare these frequencies to data by Chowdhury et al [11] 
obtained from neutron scattering.

Overall, the calculated frequencies are in very good agree-
ment with the available measurements. The deviations from 
the available experimental phonon frequencies at the Γ point 
that occur for the various functionals tested here are visual-
ized in figure  2. We observe a slight but systematic under-
estimation of, on average, 4.0% for PBEsol and 5.2% for 
AM05 compared to [12]. Our results are consistent with the 
recent findings of He et al [49] concerning DFPT phonon cal-
culations with several exchange-correlation functionals, who 
found that phonon calculations within DFPT systematically 
underestimate phonon frequencies and concluded that LDA 
gives the best results due to a cancellation of errors (too small 
lattice parameters lead to higher phonon frequencies), while 
PBEsol and AM05 perform slightly worse. Larger deviations 
were noticed for the PBE functional. This is essentially in 
accord with the present findings. However, possibly related 
to the limited accuracy of the LDA values for the internal 

parameters, especially v, we observe both over- and under-
estimations of phonon frequencies within LDA. The system-
atic frequency underestimation within PBEsol and AM05 in 
comparison to the less systematic behavior of the LDA values 
eases analysis of subsequent results derived from the calcu-
lated phonon dispersion curves. Furthermore, for the calcu-
lation of the electronic eigenvalues it is favorable to have 
the correct lattice parameters of the system. For this reason, 
the LDA, like PBE, is not used in the calculations described 
below.

Table 3.  Calculated TO zone-center frequencies for the 
ferroelectric phase compared to earlier theoretical results and 
experimental measurements.

Mode

Present theory Earlier theory

Expt.PBEsol AM05
Reference 
[20]

Reference 
[5]

A1 239 241 243 238 253a

272 263 288 279 277a

335 326 355 350 334a

607 611 617 605 632a

A2 213 212 218 212 224b

287 281 297 298 314b

397 390 412 406
441 438 454 443 455b

876 875 892 868
E 148 147 155 147 155a

217 219 218 216 240a

257 255 264 260 265a

317 306 330 321 322a

352 335 372 364a

364 347 384 384 370a

418 415 428 421 433a

570 566 585 573 580a

662 662 677 662 660–667c

a Reference [12].
b Reference [11].
c Reference [12], congruent LN.

Figure 2.  Deviations of the theoretical phonon frequencies at Γ for 
four functionals from experimental data.
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On the theoretical side, our results can be compared with 
previous DFPT calculations by Veithen et al [20] and with 
data obtained from a frozen-phonon approach by Schmidt and 
co-workers [5], see table  3. The slight deviations observed 
with respect to these previous calculations may in part arise 
from the implementation of the different methods but are 
mainly due to different lattice parameters employed in the cal-
culations. This is illustrated by the fact that our results for the 
PBEsol exchange-correlation functional are close to those of 
[5], where very similar lattice parameters were used, despite 
the different computational approach. On the other hand, the 
low value of v determined in [5] causes some deviations from 
the present data, similar to the findings of Veithen et al [20], 
who also obtained a small v.

In addition to the TO frequencies, we list our calculated 
longitudinal optical (LO) phonon frequencies in table 4. The 
latter are distinct at the zone center, because the macroscopic 
electric field of ionic crystals splits the infrared-active A1 and 
E modes. Consequently, they are calculated here by adding a 
term to the dynamical matrix using the Born effective charges 

κ βαZ*
,  [29]. These are defined, at linear order, as the propor-

tionality coefficients

( )τ
= Ω

∂

∂ =κ βα
β

κα ε=

Z
P

q 0
*

,

mac

0

� (3)

between the macroscopic polarization per unit cell Pmac in 
the direction β and the displacement τ of the sublattice κ 
along the direction α when no external macroscopic electric 
field ε is present, and are calculated here within DFPT. The 
direction-dependent interaction of the phononic lattice distor-
tions with the polarization gives rise to increased longitudinal 
frequencies.

In agreement with experiments and earlier calculations, 
essentially no LO–TO splitting is observed for the second A1 
mode and the sixth E mode in table 3, which correspond to the 
first and fifth mode in table 4, respectively. This identification 

is concluded from the high overlap of the respective polariza-
tion vectors for the LO and TO phonons that amounts to 95% 
(A1) and 100% (E) in agreement with Hermet et al [50].

Table 5 contains the values for the paraelectric phase. 
The frequencies obtained are in good agreement with two 
earlier theoretical studies in [5, 20], which also obtained 
smaller values for a, c, and x than experimentally determined. 
Unfortunately, there are no phonon measurements at 1500 K. 
We observe a significant change of the frequencies between 
the theoretical and the experimental volume. However, there 
is no uniform drop of the frequencies due to the larger volume. 
Rather, the calculations show that some frequencies decrease, 
while others remain unchanged or even rise, which might be 
caused by the change of the parameter x and the c/a ratio. 

Although some frequencies for Ωexpt
PE  show sizeable deviations 

from previous theoretical results, we consider the present 
values to be more reliable, since the lattice expansion has not 
been taken into account previously.

The presence of imaginary frequencies confirms that the 
model representing the paraelectric phase and belonging to 
the point group R c3  is an energetic saddle point, even at the 
experimental volume corresponding to 1500 K. Indeed, recent 
ab initio calculations have revealed that the paraelectric phase 
is the time average of a random distribution of Li ions above 
and below the oxygen planes with an average zero net polari-
zation [51, 52]. Our results support this picture.

In agreement with [20], we find an unstable lowest Eu 
mode at Γ for the paraelectric phase, whereas no unstable 
Eu modes at Γ are reported in [19], similar to the findings of 
Schmidt et al [5] and our own test calculations with LDA and 
GGA Troullier-Martins [53] pseudopotentials. Evidently, the 
stability of the Eu modes depends sensitively on the choice of 
pseudopotentials and the details of the calculations. This is 

Table 4.  Calculated A1 and E LO zone-center frequencies for 
the ferroelectric phase compared to earlier theoretical results and 
experimental measurements.

Mode

Present theory Earlier theory Expt.

PBEsol AM05
Reference 
[20]

Reference 
[12]

A1 272 263 287 276
332 325 348 334a

403 404 413 421
839 836 855 871

E 198 185 197 199
222 222 224 241
290 285 298 298
334 323 349 343
364 347 384 370
410 402 423 426
438 434 452 457
660 659 675 659a

846 845 863 879

a congruent LN.

Table 5.  Calculated zone-center frequencies of the paraelectric 
phase compared to earlier theoretical results.

Mode

Present theory Earlier theory

PBEsol
PBEsol 
(Ωexpt

PE ) AM05
Reference 
[20]

Reference 
[5]

A1g 379 334 369 403 406
A1u 273 262 271 279 283

418 386 411 435 432
A2g 104i 91i 101i 115i 92i

404 404 407 405 410
873 846 870 889 868

A2u 198i 203i 202i 201i 183i
79 31 59 94 47

468 454 464 478 476
Eg 170 161 169 175 204

409 345 398 425 436
471 433 459 501 481
569 525 560 589 578

Eu 78i 133i 103i 53i 18
182 195 185 177 207
382 336 378 393 384
424 363 403 460 443
519 484 508 532 533

J. Phys.: Condens. Matter 27 (2015) 385402
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supported by ground-state calculations with a displacement 
of the atoms along the unstable Eu modes that indicate only 
a very small diminuation of the total energy, which is in the 
range of numerical inaccuracies.

3.3.  Phonon dispersion

Among the exchange-correlation functionals considered in 
section 3.2, we find PBEsol to provide the closest agreement 
with the experimental data for phonon modes at the center of 
the Brillouin zone. Therefore, PBEsol is used for the phonon 
dispersion calculations described below. We also mention that 
He et al [49] concluded that PBEsol generally performs better 
than AM05 when phonon frequencies are calculated at the 
experimental lattice constants. The phonon dispersion curves 
of both the ferroelectric and the paraelectric phase are dis-
played in figure 3 together with the corresponding densities 
of states. As thermal expansion plays a role in thermodynamic 
calculations, we also show the phonon dispersion curves cal-
culated for the expanded lattice corresponding to T   =   1500 

K, denoted PBEsol (Ωexpt
PE ) in figure 3. It is not suprising that 

the latter frequencies are generally lower than those at the 
theoretical volume, because the forces that arise from the pho-
nonic displacement are smaller at higher volumes. However, 
the phonon frequencies do not drop uniformly, as can be seen, 
for instance, by the branches around 350 cm−1 and near Γ. The 

reason for this are the internal parameters, which also change 
as a consequence of the volume expansion.

Figure 4 illustrates the notation used here for the rhom-
bohedral Brillouin zone, where the path X–Γ–Z–F–L–Γ is 

Figure 3.  Phonon dispersion and density of states of ferroelectric (top) and paraelectric (bottom) LiNbO3 computed with the PBEsol 
exchange-correlation functional.

X Γ Z F L Γ0

200

400

600

800

1000

W
av

e 
nu

m
be

r 
(c

m
−1

)

PBEsol
PBEsol (ΩPE

expt)

1 2 3 4
Density of states (THz

−1
)

0

5

10

15

20

25

Fr
eq

ue
nc

y 
(T

H
z)

FE

X Γ Z F L Γ
200i

0

200

400

600

800

1000

W
av

e 
nu

m
be

r 
(c

m
−1

)

1 2 3 4
Density of states (THz

−1
)

5i

0

5

10

15

20

25

Fr
eq

ue
nc

y 
(T

H
z)

PBEsol
PBEsol (ΩPE

expt)

PE

Figure 4.  Brillouin zone of the rhombohedral lattice with primitive 

reciprocal lattice vectors 
⎛
⎝
⎜

⎞
⎠
⎟− −

a a c
b

1
,

1

3
,

1
1 , 

⎛
⎝
⎜

⎞
⎠
⎟−

a a c
b

1
,

1

3
,

1
2  and 

⎛
⎝
⎜

⎞
⎠
⎟

a c
b 0,

2

3
,

1
3 .

1

b3

b2

Γ
L

X

F

Z

b

J. Phys.: Condens. Matter 27 (2015) 385402



M Friedrich et al

7

chosen for plotting the phonon band structure, in accord with 
Parlinski et al [19], who used the Hellmann–Feynman forces 
and the direct method to calculate the phonon frequencies 
at four high-symmetry q points and performed an interpola-
tion in between, which exploits the symmetry of the crystal. 
For both phases in figure 3 we observe two phonon branches 
around 850 cm−1. The four (partly degenerate) branches 
around 600 cm−1 in the ferroelectric phase drop by about 
100 cm−1 when LN becomes paraelectric. This leads to two 
phonon band gaps in the dispersion for ferroelectric lithium 
niobate and one larger gap for paraelectric LN. The results 
of Parlinski et al differ from ours in that the dispersion of the 
phonon bands is generally much stronger. The width of the 
uppermost phonon bands calculated in [19], for example, is 
about five times larger than found here. Furthermore, there is 
nearly no gap separating the branches in [19], in marked con-
trast to the present findings. This might be an artifact of their 
interpolation scheme. In particular, we obtain similar phonon 
bands as in [19] if we restrict the q-point sampling to a coarse 
× ×2 2 2 mesh. At the transition from the ferroelectric to the 

paraelectric phase the branches around 600 cm−1 drop signifi-
cantly. The higher symmetry of the paraelectric phase leads to 
more degenerate modes at Z. The calculated dispersion further 
shows that imaginary frequencies occur not only at Γ, but at 
all wave vectors throughout the Brillouin zone.

3.4.  Specific heat capacity

The present calculations of the specific heat capacity CV at 
constant volume according to equation (1) are compared with 
experimental data in figure 5. Measurements of the specific 
heat capacity Cp at constant pressure for a nearly stoichio-
metric sample in the temperature range of 4.2–100 K were 
made with an automatic adiabatic calorimeter with a reported 
accuracy below 1% [54]. Furthermore, differential scanning 
calorimeters were used to determine Cp at room temperature 
(651 J kg−1 K−1, stoichiometric LN) [55] and at 328.15 K 
(699.5 J kg−1 K−1, nearly stoichiometric LN) [56]. In [57] 
a general error estimate of 1.5% is given for this technique. 
As the authors of [55, 56] report higher heat capacities for 
stoichiometric than for congruent LN, we do not take other 

measurements [58] into account here, because the samples 
contained a high concentration of lattice defects or a high 
impurity content [54].

We find the specific heat capacity calculated here to be in 
very good agreement with the experimental data. The small 
deviations in the lower temperature range might be explained 
by the fact that the sample in [54] was not entirely stoichio-
metric. Furthermore, the measurements were done at con-
stant pressure rather than constant volume, whereas we do 
not take distinct volume effects for solids into account. For 
higher temperatures our lower phonon frequencies might lead 
to smaller values of Cp than in [55, 56]. Nevertheless, the 
deviations from the two experimental values are only 1.5% 

Figure 5.  Theoretical results for the specific heat capacity 
compared to experimental measurements and to the Debye model. 
The Debye temperature of 574 K is determined from a fit to the 
calculated curve.
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and 4.2%, respectively. This is a clear, albeit indirect, indica-
tion for the reliability of the phonon dispersion curves pre-
sented here.

We further extract a Debye temperature of =T 574D  K 
from our theoretical CV data by fitting the calculated curve to 
the formula derived from the Debye model

( )
⎛
⎝
⎜

⎞
⎠
⎟ ∫=

−
C nk

T

T

x
x9

e

e 1
d

T T x

xV B
D

3

0

/ 4

2

D

� (4)

between 0–10 K. This numerical result agrees very well with 
the value of 593 K reported by Villar et al [54] based on the 
asymptote of their experimental data for Cp. By construction, 
the Debye model (4) exhibits the correct limiting behavior at 
low and high temperatures, and figure 5 shows that it stays rea-
sonably close to the ab initio curve, and consequently also to the 
experimental measurements, if the value TD extracted from the 
theoretical data is used. Of course, it differs from the ab initio 
curve for intermediate temperatures due to its model character.

3.5.  Zero-point renormalization

We next examine the size of the zero-point renormalization of 
the electronic energies due to the electron-phonon coupling 
and its dependence on the phonon wave vector. For this pur-
pose we perform both DFPT and finite-difference calculations 
in order to compare these two approaches. Looking at the 
DFT band structure in figure 6, we notice that the electronic 
bands are very flat, especially the upper valence bands. The 
band gap is direct and located at Γ.

In figure 7 we present ε ( )∆ qnk
ZPR  for the band-edge states at 

Γ. The two highest degenerate valence bands and the two lowest 
degenerate conduction bands are displayed. The corrections to 
the electronic eigenstates are of considerable size, up to about 
6 eV, and depend strongly on the phonon wave vector q. Even 
their signs vary. For the flat valence bands, the ZPR is generally 
higher than for the more dispersive conduction bands, because 
the occurrence of flat bands leads to phonon-induced intraband 
transitions involving two electronic states that are separated 

by the corresponding phononic energy. This introduces a high, 
diverging electron–phonon coupling for →q 0. The same holds 
for the q vectors between F and L, where the electronic energies 
are roughly the same as at Γ. However, for ≅q 0, the electron–
phonon coupling almost vanishes, because no intraband transi-
tions are possible in this case, and the phonon energy cannot 
account for interband transitions.

The strong q-point dependence of the ZPR, especially 
around Γ, indicates that an accurate knowledge of the phonon 
band structure is required for reliable predictions of the influ-
ence of electron–phonon coupling on the LN electronic prop-
erties. With the introduction of a finer q-point sampling near Γ 
as described above we account for the variation in this region.

The agreement between the two computational methods, 
i.e. the finite-difference and the DFPT approach, is very good. 
Differences at F reveal two weaknesses of the finite-difference 
approach: first, the phononic displacements break the sym-
metry of the crystal. As a consequence, originally degenerate 
or quasi-degenerate states split and thereby complicate or 
even impede the accurate calculation of the electron phonon 
coupling elements from the second derivatives of the elec-
tronic eigenvalues in equation (2). Second, it is not possible to 
relate the change of the electronic eigenvalues to a particular 
degenerate band. Fortunately, we are able to solve the latter 
problems for most k points by averaging the ZPR of degen-
erate states. References [44, 59] have taken advantage of this 
procedure before. The (linear and quadratic) splitting terms 
thus cancel out and the problem the assignment of the correc-
tions is resolved. In the case of the F point, if a the × ×2 2 1 
supercell is used, the electronic bands at F are folded back to 
Γ. In this way, we effectively obtain triply degenerate elec-
tronic conduction states that split by the phonon displace-
ment. Taking the average of the three states leads to incorrect 
results, because the former F-point conduction state produces 
different electron–phonon coupling elements.

The total zero-point renormalization of the band-edge states 
is shown in figure 6. While the band gap remains direct at Γ, 
the ZPR reduces the gap by 0.41 eV. The main contribution 
from the phonon modes comes from the second highest mode, 
i.e. an E mode, which leads to a distortion of the oxygen octa-
hedra and affects the band-edge states arising from O 2p and 
Nb 4p [60], as Nb is situated inside the octahedra. Its magni-
tude is comparable to the sum of the other 29 phonon modes.

For comparison, we estimate the ZPR from the temper-
ature-dependent data in [7]. Evidently, the ZPR cannot be 
measured directly, but it can be concluded from isotope sub-
stitution or the asymptotic linear behavior for of the temper-
ature-dependent shift of the electronic band gap for �T TD 
[61]. Data for the latter is available from Redfield et al [7], 
who determined the shift of the fundamental absorption 
edge in the range of 0–667 K. The measurements are con-
fined to this range due to the broadening of the optical spectra 
for higher temperatures. As suggested in [61, 62], we fit the 
experimental values to the empirical expression
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Figure 8.  Experimental measurements of the fundamental 
absorption edge by Redfield et al [7] fitted to equation (5). The 
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limited experimental data, determines the ZPR at 0 K.
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with adjustable parameters α, p, and TD. We extract the ZPR 
from equation  (5) by extrapolating the linear behavior for 
�T TD and thus obtain a zero-point renormalization of the 

electronic band gap of α =T /2 0.40D  eV with α = 1.259 29 
meV K−1, =p 2.570 23, and =T 637.466D  K. It is recom-
mended to use the Debye temperature TD as a fitting parameter 
to obtain the best results (see figure 8) [62]. The same method 
was used by Cardona [63] to extrapolate the ZPR of germa-
nium and silicon from measurements of the absorption edge, 
also within a limited temperature range. Moreover, these results 
were in very good agreement with those concluded from the 
isotopic effect. The agreement between our theoretical value of 
the ZPR for LN and the one extrapolated from the experiment 
is excellent. However, we note that both values are affected by 
uncertainties due to the missing self-energy effects in DFT [44, 
59], and the fitting procedure, respectively. We estimate that 
the error bars are of the order of 0.1 eV in both cases.

4.  Conclusions

We have performed density-functional theory calculations for 
the structural properties and phonon band structure of LiNbO3, 
and the accuracy of the LDA as well as the PBE, PBEsol, and 
AM05 exchange-correlation functionals concerning lattice 
constants and phonon frequencies was tested. We found that, 
in particular, PBEsol provides lattice constants and internal 
parameters close to experiment for the ferroelectric phase as 
well as reliable phonon frequencies at Γ. Furthermore, we cal-
culated the full phonon dispersions for both phases at the theo-
retical equilibrium volume as well as the experimental unit-cell 
volume at 1500 K and determined an internal parameter x for 
the paraelectric phase close to experimental measurements. The 
results for the specific heat capacity as a function of the tem-
perature validate the results of the phonon dispersion in the first 
Brillouin zone. We have also shown that the zero-point renor-
malization of the electronic band-structure energies is large and 
depends strongly (even in sign) on the phonon wave vector. Our 
well converged result for the zero-point renormalization of the 
electronic band gap of LiNbO3 of 0.41 eV is in excellent agree-
ment with the value 0.40 eV determined from the temperature-
dependent shift of the fundamental absorption edge in [7].
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