
Efficient PAW-Based Bond Strength Analysis for
Understanding the In/Si(111)(8 3 2) – (4 3 1)
Phase Transition

Andreas L€ucke ,*[a] Uwe Gerstmann,[a] Thomas D. K€uhne,[b] and Wolf G. Schmidt[a]

A numerically efficient yet highly accurate implementation of

the crystal orbital Hamilton population (COHP) scheme for

plane-wave calculations is presented. It is based on the

projector-augmented wave (PAW) formalism in combination

with norm-conserving pseudopotentials and allows to extract

chemical interactions between atoms from band-structure cal-

culations even for large and complex systems. The potential of

the present COHP implementation is demonstrated by an in-

depth analysis of the intensively investigated metal-insulator

transition in atomic-scale indium wires self-assembled on the

Si(111) surface. Thereby bond formation between In atoms of

adjacent zigzag chains is found to be instrumental for the

phase change. VC 2017 Wiley Periodicals, Inc.

DOI: 10.1002/jcc.24878

Introduction

Many condensed-matter quantum-mechanical codes use plane

waves (PWs) for the representation of the wave functions.

They allow for an efficient and reliable control of the numeri-

cal convergence and do not suffer from the basis set superpo-

sition error that occurs for bases formed from a finite number

of localized atom-centered functions. Thereby PWs are natu-

rally suited to describe systems with periodic boundary condi-

tions. However, they are delocalized by their very nature and,

thus, do not give immediate access to electron partitioning

and bonding information, which is more straightforwardly

obtained from an atomic/molecular orbital description of the

electronic structure.[1–5] To gain such information from PW cal-

culations, projection techniques have to be applied.[6–13]

The crystal orbital Hamilton population (COHP) analysis, pro-

posed by Dronskowski and Bl€ochl,[3] uses a Linear Muffin-Tin

Orbital approach and is a very successful bonding indicator for

extended structures. Thereby the band-structure energy is

rewritten as a sum of orbital pair contributions. The energy

dependent COHP(E) diagram allows for identifying bonding,

nonbonding, and antibonding regions within a specified

energy range. The energy integral of COHP(E) gives access to

the contribution of an atom or a chemical bond to the distri-

bution of one-particle energies and indicates the total bond

strength (ICOHP). Maintz et al.[11–13] recently proposed a

scheme to calculate COHP diagrams within a PW framework

using Bl€ochl’s projector-augmented wave (PAW) method.[14]

The present study is a follow-up to the implementation sug-

gested in Refs. [11–13]. Here, it is shown that a remarkable fur-

ther substantial speedup in the COHP calculation can be

achieved by making use of a rigorous application of the PAW

formalism and simplifications coming with norm-conserving

pseudopotentials.[15–17] This improvement allows for applying

the COHP bonding indicator to larger and more complex

structures than addressed previously.

The In/Si(111) (8 3 2) ! (4 3 1) phase transition[18] is used

to demonstrate the prowess of the COHP approach. The mech-

anism and driving force for this phase transition has been con-

troversially discussed since it’s discovery. In particular, it is

presently discussed whether the phase transition is of order-

disorder[19] or displacive type,[20] and whether it can be charac-

terized as Peierls transition[21] or should rather be addressed

as an exothermic reaction with the consecutive bond-breaking

and bond-making processes.[22] The investigation of these

questions will certainly profit from a quantitative investigation

of the relevant bond strengths. This holds as well for the ques-

tion by which mechanisms the phase transition can be opti-

cally triggered.[23–25]

In this manuscript, we first outline the fast projection

scheme proposed by the present authors and its parallel

implementation. Then, a comparison is made with the imple-

mentation proposed by Maintz et al.,[11–13] where our work is

based on, and it is shown that both approaches lead to identi-

cal results. Finally, we apply the COHP formalism to the In/

Si(111) surface and show in detail how the insulator-metal

transition is related to changes of characteristic bond

strengths.

Methodology

According to Bl€ochl,[3] COHP is formally defined as
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Here, Cl~T ;jð~kÞ is the expansion coefficient of the jth band at k-

point ~k in terms of the atomic orbital l at the atomic position

~T . H
l~T ;m~T

0 denotes the matrix elements of the Hamiltonian in

atomic orbitals, Ejð~kÞ is the eigenvalue corresponding to the

jth electron state and fjð~kÞ its occupation number. The off-site

COHP (for ~T 6¼ ~T 0 ) frequently serves as bonding indicator in

extendend systems.[3,10,11] Thereby the occupation number

may be omitted, for example, for characterizing the bonding

character of conduction states.

In case of PW calculations, the expansion coefficients Cl~T ;jð~kÞ
are determined by postprocessing the electronic structure, that

is, by projecting the PWs on atomic orbitals. Maintz et al.[11] sug-

gested to use Bloch sums[26] vlð~kÞ setup from contracted multi-

ple-f Slater-type orbitals as atomic basis onto which the all-

electron (AE) wave functions jwjð~kÞi are projected

Tljð~kÞ5hvlð~kÞjwjð~kÞi; (2)

whereby the Tljð~kÞ can be directly related to the expansion

coefficients Cl~T ;jð~kÞ (cf., Ref. 11).

For the projection, the AE wave function jwjð~kÞi5T j~w jð~kÞi
is reconstructed from the PAW pseudo wave function j~w jð~kÞi
using the transformation T :

T 511
X
l;~T

j/l~T i2j~/l~T i
� �

h~pl~T j (3)

Here, j/l~T i and j~/l~T i denote the AE and pseudo atomic par-

tial waves, respectively and h~pl~T j the projector function (cf.,

Ref. [27]). The atomic orbital projection formalism in Ref. [11]

involves three distinct scalar products—indicated below—

which have to be evaluated on different grids for accurate

results

Tljð~kÞ5hvlð~kÞj~w jð~kÞi
zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{ð1Þ
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h~pl~T j~w jð~kÞi|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
ð3Þ

:
(4)

To reduce the number of scalar products needed, we propose

a different application of the PAW projection. Thereby we start

from the atomic partial waves j/l;~T i generated along with the

PAW pseudopotential data and use these as localized basis to

setup the Bloch sums[28]

jvlð~kÞi5
1ffiffiffiffiffiffi
N~T

p X
~T

ei~k~T j/l~T i: (5)

This requires pseudopotentials with atomic wave functions

generated on a sufficiently large radial grid (the standard used

in the Quantum Espresso pseudopotential database is large

enough). The use of the atomic partial waves j/l~T i generated in

conjunction with the PAW data in combination with norm-

conserving pseudopotentials[15–17] allows for a considerable reduc-

tion of the computational effort as will be shown in the following.

Inserting eq. (5) into eq. (2) yields

Tljð~kÞ 5
1ffiffiffiffiffiffi
N~T

p X
~T

e2i~k~T h/l~T jwjð~kÞi

5
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p X
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(6)

where the T †T transformation can be expressed as

T †T 511X
l;m;~T

j~pl~T i h/l~T j/m~T i2h~/l~T j~/m~T i
� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

DSl;m;~T

h~pm~T j: (7)

This reformulation allows for evaluating eq. (6) solely on the

Fourier grid using the pseudopotential specific constants

DSl;m;~T , the pseudo wave functions j~w jð~kÞi and the projector

functions j~pl~T i. In other words, the whole projection scheme

is exclusively based on information included in the pseudopo-

tentials. Now, a drastic speedup can be gained using norm-

conserving PAW pseudopotentials for which the atomic partial

waves fj/l~T ig and fj~/l~T ig can be chosen orthonormal so

that DSl;m;~T vanishes. This reduces the projection to a single

scalar product of the pseudo partial wave j~/l~T i with the

pseudo wave function j~w jð~kÞi. Therefore, the sums over the

projector functions become obsolete, hence an increasing

number of scalar products with growing system size can be

saved. This property of norm-conserving pseudopotentials

reduced the overall runtime of our present COHP implementa-

tion by about 90% for the In/Si(111) system* compared to non

norm-conserving pseudopotentials.

Technical implementation

The methodology described above has been implemented as

post-processing tool for the Quantum Espresso-package,[29]

see applications flow chart in Figure 1. Starting point—see first

block in Figure 1—is the computation of Bloch sums from the

atomic pseudo partial waves j~/l~T i which yields a k-dependent

basis set. This set is orthonormalized in the next step, to use it

for the determination of the expansion coefficients Cð~kÞ.
Thereby L€owdin’s symmetric orthonormalization procedure is

used, to limit the wave-function modifications to a mini-

mum.[30] The Message Passing Interface is used to parallelize

over PWs in the scalar products calculated in these first steps.

The calculation of the coefficients Cð~kÞ has not been parallel-

ized with respect to the k-points, as this leads to considerable

random access memory for large systems.

However, once the Cð~kÞ are obtained, there are no PW

dependent data to be processed anymore, and a paralleliza-

tion with respect the k points is efficient and has been

*Presented in the results section
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implemented. This concerns the re-orthonormalization of the

projected wave function—the orthonormality of the PAW

bands might be lost due to the projection—and the calcula-

tion of the Hamiltonian matrix elements HKS (cf., second block

in Fig. 1). Here, Eð~kÞ denotes the Kohn-Sham eigenvalues from

the density functional theory (DFT) electronic structure.

Finally, the COHP quantity can be determined by two ways:

The tetrahedron method[14,31] offers a highly accurate way to

visualize the results, but needs at least four k points. As an

alternative, especially for molecules, a Gaussian broadening

visualization was also implemented.

The present implementation and projection scheme was

optimized in a way to offer best balance between speedup

and memory consumption as the latter limits the number of

parallel processes per node for large systems. Figure 2 shows

a comparison of the computation times for the available

implementation of the original projection scheme of Ref. [11]

(LOBSTER) and our present implementation. As LOBSTER makes

solely use of Open Multi-Processing (OpenMP) parallelization

which is restricted to shared memory, we executed for the

sake of comparability both implementations on a single node

with 24 cores. The computation time is evaluated for the two

systems to be discussed below, bulk diamond and indium

nanowires on the Si(111) surface. Figure 2 shows that the pre-

sent implementation is considerably faster than LOBSTER.

Thereby it has to said the present approach is not restricted

to shared memory, and therefore, a further speedup may be

achieved using several nodes in parallel. Conversely, LOBSTER

offers a broad range of options, for example, the possibility to

calculate bond-weighted distribution functions or the crystal

orbital overlap population, which are not implemented here.

How do the results obtained with the present implementa-

tion compare with the data obtained from the LOBSTER code?

To answer this question, we perform COHP calculations for a

simple and well defined model system, bulk diamond. The pre-

sent calculations are based on the DFT electronic structure cal-

culated using the Quantum Espresso package[29] within the

generalized gradient approximation, specifically, using the PBE

functional.[32,33] A PW basis up to an energy cutoff of 400 eV

is used to expand the Kohn-Sham orbitals and the Brillouin

zone is sampled with a 23 3 23 3 23 tetrahedron grid. The

COHP diagram obtained here is compared with the data by

Maintz et al.[11] in Figure 3. Negative and positive COHP values

indicate bonding and antibonding contributions of electronic

states within a specific energy interval. The occupied diamond

valence states are thus clearcut bonding states (cf., Fig. 3), the

conduction states above the band gap are antibonding in

character. There is virtually no difference between the COHP

values obtained with the present implementation compared to

the LOBSTER data, resulting from a contracted multiple-f
Slater-type orbitals basis set. This is confirmed by a small spill-

ing value[6,11] of about 0.38% which is a good indicator for the

quality of the projection.

Results

In/Si(111) (8 3 2) fi (4 3 1) phase transition

The self-assembled In nanowires formed on annealing one

monolayer indium on the Si(111) surface have long been

investigated as model systems for electron transport at the

Figure 1. Flow chart for the calculation of COHPðEÞ. Further details can be

found in Refs. [11] and [13], with permission. [Color figure can be viewed

at wileyonlinelibrary.com]

Figure 2. Wall clock time needed to calculate the COHP digram using LOB-

STER and the present implementation for bulk diamond and In/Si(111)

with 8 and 1152 atomic orbitals, respectively, (calculated on a single node

with 24 cores). [Color figure can be viewed at wileyonlinelibrary.com]
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atomic scale and phase transitions in quasi one-dimensional

structures.[18,20,34–41] The low-temperature semiconducting

ground state of these nanowires is characterized by In hexa-

gons arranged in a 8 3 2 translational symmetry.[19] Above

about 120 K the In atoms arrange in metallic zigzag chains

with 4 3 1 symmetry,[35] see Figure 4. Whether or not this

insulator-metal transition can be classified as Peierls instability

driven or not, and if it is a first- or second-order phase transi-

tion is controversially discussed up to now.[19,21,22]

Jeckelmann et al.[21] developed a simplified 1D lattice model

for the In nanowire, where they focus on the bonds within

outermost linear In chains and within a central In zigzag chain,

as indicated in the bottom of Figure 4. These bonds couple

most strongly to the soft In chain rotary and shear modes, the

Peierls amplitude modes in In/Si(111). The reduction of the In

bonding configuration to these bonds allows for decoupling

the nanowire system into three independent chains with Su–

Schrieffer–Heeger (SSH) Hamiltonians that suggest to interpret

the 4 3 1 ! 8 3 2 phase change as first-order grand canoni-

cal Peierls transition.[21] Kim and Cho,[22] conversely, stress the

importance of bond-breaking and bond-making processes dur-

ing the metal-insulator transition of the indium atom wires

and classify the latter as an exothermic surface reaction.

The COHP analysis provides the possibility to determine the

strength of specific InAIn bonds within the complicated nano-

wire structure and to track quantitatively the bond strength

changes during the phase transition. To that purpose, we per-

form DFT calculations within the local-density approximation

for In/Si(111) surfaces modeled by three bilayers of Si with

hydrogen termination at the bottom. We use 8 3 4 surface

unit cells with 272 atoms, to avoid the double counting of

bonds due to periodic image structures. Tetrahedron smearing

with 16 k points is used to sample the surface Brillouin zone

and PW basis with energy cutoff of 50 Ry is used to represent

the electron orbitals. Norm-conserving PAW pseudopoten-

tials[27] describe the electron-ion interaction. Thereby the In 4d

electrons are treated as valence states. The calculated spilling

value is about 0.26% which indicates again a good projection

for the COHP calculation.

The COHP curves for two selected bonds are depicted in

Figure 5, left. Integrating such curves along the energy axis

(weighted with the occupation number) gives a measure for

the bond strength (ICOHP). For several InAIn bonds, these

strengths are determined from the self-consistently calculated

electronic structure of the In/Si(111) (4 3 1) and (8 3 2)

phases and shown in Figure 5, right. It can be seen that the

bonds in the 8 3 2 phase coincide well with the ones com-

monly assumed (cf., Fig. 4) forming the indium hexagons.

For the 4 3 1 phase the COHP analysis confirms the typical

model of two regular outer zig-zag chains while there are

nearly no outermost linear bonds in contrast to the tight bind-

ing fitting results of Ref. [21]. However, there are indeed strong

bonds between the In atoms of the two zig-zag rows which

are a substantial ingredient for the SSH Hamiltonian in Ref.

[21], but have barely been discussed before.

The drastic bond strength changes calculated here between

the 8 3 2 and the 4 3 1 phase, conversely, supports the more

chemical interpretation of the phase transition in terms of

bond-breaking and bond-formation.[22]

Figure 3. Comparison of the chemical bonding results for a CAC bond in

diamond between Ref. [11] (purple, with permission) and the present

implementation for the Quantum-espresso-package (green). Tetrahedron

smearing is used in both cases to obtain smooth curves. [Color figure can

be viewed at wileyonlinelibrary.com]

Figure 4. In/Si(111) surface models. Top: low temperature 8 3 2 phase

(T< 120 K). Middle: room temperature 4 3 1 phase. Bottom: Different

bonding model for the 4 3 1 high temperature phase assuming that the

atoms form two linear chains surrounding one regular zig-zag chain. [Color

figure can be viewed at wileyonlinelibrary.com]
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Do the bond strengths change abruptly or is this a rather

smooth process during the phase transition? In Figure 6, the

ICOHP bond strength of selected bonds is pursued along the

generalized coordinate describing the 8 3 2 ! 4 3 1 phase

transition. Also shown in Figure 6 is the ground-state potential

energy surface (PES), which shows a finite energy barrier

between the two phases. The InAIn bonds follow a monoto-

nous behavior: There are bonds, most notable the ones indi-

cated green and orange which are located diagonal to the In

hexagons and strengthen considerably during the phase tran-

sition. Other bonds, in particular the bond indicated blue

between outer-row In atoms clearly soften on the 4 3 1 phase

formation. Interestingly, the bonds indicated green and blue in

Figure 6 are exactly the bonds that couple most strongly to

the shear and rotary phonon modes of the In/Si(111) sur-

face.[20] These are the two Peierls lattice modes identified by

Jeckelmann et al.[21] In all cases, we observe that the bond

strengths change smoothly rather than abruptly during the

phase transition.

As already mentioned above, the critical temperature Tc for

the 8 3 2 ! 4 3 1 phase transition is about 120 K.[18,20] How-

ever, Horn-von Hoegen and coorkers have shown that optical

excitation, that is, a laser pulse with 1.5 eV photon energy

may transform the 8 3 2 ground state into the 4 3 1 phase

at temperatures considerably below Tc.[23,25] To rationalize this

finding, we investigate in the following the influence of opti-

cally excited electron configurations on the InAIn bond

strengths.

A large variety of PESs for optically excited In/Si(111) surfa-

ces were calculated using constrained DFT.[42] Thereby we

excite electrons from the uppermost In valence states into the

lowest In conduction states of the nanowire system, cf. calcu-

lated band structure in Figure 7.

Some excited-state PESs along the ground-state minimum

energy path for the 8 3 2 ! 4 3 1 transition are shown in

Figure 8 in comparison to the ground-state PES. There are

excitations, for example, the one indicated by the green line in

Figure 8 that lower the relative energy difference between the

8 3 2 and 4 3 1 phases of the In/Si(111) surface, but do not

quench the energy barrier separating the two phases. Such an

energy curve is obtained, if the electrons at the Brillouin zone

boundary are excited from valence to conduction states with-

out momentum transfer, that is, across the small direct gap of

the In/Si(111)(8 3 2) surface. If an additional momentum

Figure 5. COHP analysis for the 8 3 2 and 4 3 1 phase. Left: COHP curves for two selected bonds marked on the right. Integrating such COHP curves

weighted with the occupation number yields the total bond strength which is depicted as color code on the right (ICOHP). Dark drawn bonds indicate

thereby the ones with largest bond strengths. [Color figure can be viewed at wileyonlinelibrary.com]

Figure 6. COHP bonding analysis between nearest neighbors for the two

geometries. The darker a bond is drawn, the stronger it is. The black curve

depicts the potential energy surface which exhibits two minima belonging

to the 8 3 2 phase (right) and the 4 3 1 phase (left). The lower graph

shows the bond strengths for six selected bonds along the phase transi-

tion. [Color figure can be viewed at wileyonlinelibrary.com]
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transfer occurs, and electrons from Brillouin zone boundary

valence states are excited to zone center conductions states

(see bands highlighted in Fig. 7) the 4 3 1 may even become

more favorable than the 8 3 2 ground-state structure, as

shown by the red and blue PESs in Figure 8. Moreover, the

energy barrier separating the two geometrical structures van-

ishes and the energy is monotonously decreasing from 8 3 2

to 4 3 1. Such electronically excited configurations are obvi-

ously suitable to explain the laser-induced phase transi-

tion.[23,25] Can we understand the optically triggered phase

transition in terms of modified bond strengths?

As discussed above, the InAIn bonds across the zigzag chains

(highlighted in green in Fig. 6) are strongly affected by the phase

transition. They are strong in the 4 3 1 phase and barely effec-

tive in the 8 3 2 structure. The COHP diagram for these bonds is

shown in Figure 7 rhs for the case of the 8 3 2 phase. It can be

seen that valence and conduction band edge states have clear

antibonding and bonding character, respectively. Electron exci-

tation from the valence to the conduction states will thus

strengthen these bonds, as observed for the 4 3 1 phase.

To understand the particular excitations from the bonding

point of view, we analyzed the change in the bond strengths

on excitation. The results are depicted in Figures 8a–8e where

blue and red indicate an increase and decrease, respectively, in

bond strength compared to the electronic ground state con-

figuration. The bond strengthened most on excitation is

marked in orange in Figures 6 and 8a. This bond is indeed far

stronger for the 4 3 1 than the 8 3 2 phase, see Figures 5

and 6. The same holds also for the bond marked green in Fig-

ures 6 and 8a. This bond, however, gains more strength espe-

cially in intermediate configurations during the phase

transition, cf., Figure 8d. Also in case of the bond weakening

we can differentiate between bonds that lose most strength

immediately on optical excitation, for example, the bond

marked turquoise, and bonds that are affected especially at

intermediate geometries, for example, the bond marked pink

in Figures 8a and 8d. The bonds connecting the outer In chain

atoms are also affected by electronic excitations. The bonds

that are weaker in the 8 3 2 phase compared to the 4 3 1

structure, marked yellow in Figure 8a are strengthened, in par-

ticular if two electrons are excited, cf., Figure 8c. The electronic

excitations from Brillouin zone boundary valence states and

zone center conduction states thus affects exactly the bonds

that increase in strength during the transition. These are also

the bonds that enter the SSH Hamiltonians proposed in Ref.

[21]. Moreover, the bonds opposite to the most strikingly

green bond are severely weakened, making it more easier for

the indium atoms to decrease the green bond length.

So far the bonding analysis has nicely illustrated why the

excitations identified discussed above drive the phase transi-

tion. However, why do some excitations fail to drive the transi-

tion? Let us consider the occupation inversion at the Brillouin

boundary (cf., green PES curve in Fig. 8). The COHP analysis

shows a similar change in the bond strength compared to the

one electron excitation discussed above (red curve in Fig. 8).

For the 8 3 2 geometry, that is, at labels (a) and (b) in the

respective PES, both excitations strengthen in particular the

bonds marked orange in Figure 8a, that is, will initiate the

phase change. This agrees with the nearly equal descent of

the PESs at the beginning of the phase transition. However,

Figure 7. Left: Band structure of the 8 3 2 hexagon phase along the In

wire. Grey areas correspond to the projected Si bulk states. Charge excita-

tions involving the states marked blue and red are particularly effective for

triggering the 8 3 2 – 4 3 1 phase transition, see text. Right: COHP dia-

gram for the InAIn bond marked green in Figure 6. [Color figure can be

viewed at wileyonlinelibrary.com]

Figure 8. Left: Potential energy surfaces for the ground state (black), and for excitations of 1 (red) and 2 (blue) electrons per 8 3 4 unit cell involving the

states marked in Figure 7. The dark green curve shows the PES for an occupation inversion at the direct band gap (Brillouin zone boundary). Right: ICOHP

changes due to excitations indicated. Letters denote the respective position on the PES shown left. [Color figure can be viewed at wileyonlinelibrary.com]
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the two electronic excitations differ in their influence on the

bonds in an intermediate structure, that is, at labels (d) and (e).

Here, the red PES continues to descent toward the 4 3 1 phase,

while the green PES goes up in energy. This corresponds to the

respective bond strength changes: The excitation involving Bril-

louin zone boundary and center states continues to strengthen

the inner In-In zigzag chain bonds, which is clearly not the case

for the excitation restricted to the zone boundary. Thus, the

transition is not completed in the latter case.

Conclusions

An efficient PAW-based projection scheme for the calculation of

the COHP has been proposed and implemented in the

Quantum-espresso package. By projection on the atomic orbi-

tals generated along with the PAW pseudopotentials, a signifi-

cant speedup of the COHP calculations is possible. This allows to

apply this scheme also to large system and complex scenarios.

As an advanced prototype example, we explored the bond

strengths at the In/Si(111)(8 3 2)/(4 3 1) surface, and their opti-

cally induced changes. Thereby we confirm that the bonds pro-

posed recently for a SSH model of the surface[21] are indeed

instrumental for the phase change. Conversely, taking advan-

tage of the performance of the present approach, we find dras-

tic bond strength changes on phase transition, in agreement

with the interpretation recently proposed by Kim and Cho.[22]
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