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Linear and Nonlinear Optical Response  
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Abstract—The dielectric function and second-harmonic gen-
eration spectrum of ferroelectric LiNbO3 are calculated from 
first principles. The calculations are based on the electronic 
structure obtained within density functional theory. The use of 
the GW approach to account for quasiparticle effects and the 
subsequent solution of the Bethe–Salpeter equation lead to a 
dielectric function in excellent agreement with measured data. 
The second harmonic generation spectrum calculated within 
the independent (quasi) particle approximation predicts strong 
nonlinear coefficients for photon energies above about 1.5 eV. 
The comparison with measured data suggests that the inclu-
sion of self-energy effects in the nonlinear response improves 
the agreement with experiment.

L niobate (LiNbO3, LN) occurs in two phases 
of trigonal symmetry with ten atoms per unit cell. 

The ground-state is ferroelectric with space group R3c. 
Its electro-optic, photo-refractive, and nonlinear optical 
properties (cf. [1], [2]) are exploited in a large number of 
devices. Typical uses are in optical modulators, acousto-
optic devices, optical switches for gigahertz frequencies, 
laser frequency doubling, nonlinear optics, Pockels cells, 
optical parametric oscillators, or Q-switching devices for 
lasers.

Given its vast range of applications, our knowledge 
about the electronic and optical properties of LN is sur-
prisingly limited. For example, we are not aware of a 
measured band structure. The direct band gap of 3.78 eV 
for the ferroelectric phase—frequently cited in the litera-
ture—is actually concluded from optical experiments [3]. 
Therefore, it is affected by electron-hole attraction effects 
which may substantially reduce the size of the actual band 
gap, i.e., the difference between the ionization energy and 
the electron affinity. The situation is additionally com-
plicated by the fact that there are actually several band 
gap values reported, all concluded from optical absorption 
experiments. They range from the indirect gap of 3.28 eV 
reported in [4] to values of 4.0 or 4.3 eV [5], [6]. Recent 
theoretical work suggests that the actual band gap is sub-
stantially larger, of the order of 4.7 to 6.5 eV [7], [8].

The previously mentioned optical absorption experi-
ments, as well as further studies, e.g [9], focus mainly on 
the onset of the absorption. We are aware of only two 
studies that address the linear optical absorption in the 
vacuum ultraviolet (VUV) domain [10], [11]. Second-
harmonic generation (SHG) data for a few fundamental 
frequencies have been published, e.g., in [12]–[15]. We are 
not aware of SHG measurements covering a wide spectral 
range.

In recent years, several first-principles studies have be-
come available on the structural and vibrational proper-
ties of bulk LN, see, e.g., [7], [16]–[18]. The structural 
and vibrational properties of LN surfaces have also been 
addressed by atomistic simulations [19]–[21]. The phase 
transition between paraelectric and ferroelectric LN was 
modeled with molecular dynamics [22]. Comparatively few 
calculations were performed on the optical and electronic 
properties of LN. Most first-principles band-structure cal-
culations, e.g., [18], [23], are based on a single-particle 
framework and neglect quasiparticle effects that typically 
widen the band gap between occupied and empty states 
by a large fraction of its value [24]. An early theoreti-
cal study by Ching et al. [25] indicates the importance of 
self-energy effects: Using the approximate Sterne–Inkson 
model [26], they predicted self-energy corrections of the 
order of 1 eV. However, the single-particle gap in [25] is 
much smaller (2.62 eV for the ferroelectric phase) than in 
the more recent studies [23] (3.69 eV) and [18] (3.48 eV). 
Schmidt et al. [7] found indications for a very strong in-
fluence of excitonic and local-field effects on the LN opti-
cal absorption. Although the calculations in [7] explain 
the essential features of the measured optical absorption 
[10], [11], their predictive power is limited, because of the 
use of a model dielectric function [27] for the description 
of the screened Coulomb interaction W in the GW ap-
proximation. In particular, the possible influence of lattice 
polarization effects [28] on the LN electronic and optical 
excitations could not be satisfactorily clarified in [7]. Al-
though approximate analytical schemes [29] and density 
functional theory (DFT) pseudopotential calculations [30] 
were used to calculate SHG spectra, the influence of ma-
ny-body effects on the nonlinear optical properties of LN 
has not been studied yet.

The present work goes significantly beyond previous 
theoretical work because, for the first time, the self-energy 
effects in the linear and nonlinear optical spectra are ad-
dressed from first principles, i.e., quasi-particle corrections 
were calculated in the GW approach (GWA) [31] using 
the random phase approximation to describe the screened 
Coulomb potential.
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The calculation of the optical absorption occurs in 
three steps: 1) We use density functional theory in gener-
alized gradient approximation (DFT-GGA) to determine 
the electronic ground state of ferroelectric LN; 2) the 
electronic quasiparticle spectrum is obtained within the 
GWA to model the exchange-correlation self-energy; and, 
finally, 3) the Bethe–Salpeter equation (BSE) is solved 
for coupled electron-hole excitations [32]–[34], thereby ac-
counting for the screened electron-hole attraction and the 
unscreened electron-hole exchange [35]–[37].

In detail, we start from first-principles projector aug-
mented wave (PAW) calculations, using the VASP im-
plementation of the DFT-GGA [38], [39]. A 6 × 6 × 6 
k-point mesh is used to sample the Brillouin zone. The 
electron wave functions are expanded into plane waves up 
to an energy cutoff of 400 eV. The mean-field effects of 
exchange and correlation in GGA are modeled using the 
PW91 functional [40].

In the second step, we include electronic self-energy ef-
fects by a perturbative solution of the quasiparticle equa-
tion, where the GGA exchange and correlation potential is 
replaced by the nonlocal and energy-dependent self-energy 
operator Σ. We calculate Σ in the G0W0 approximation 
[31]—using the implementation described in [41]—from 
the convolution of the single-particle propagator G and 
the dynamically screened Coulomb interaction W. There-
by, 608 electronic bands were included in the calculation 
of the self-energy operator.

The electron-hole interaction is taken into account in 
the third step. The two-particle Hamiltonian
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describes the interaction of pairs of electrons in conduc-
tion states |ck〉 and holes in valence states |vk〉 [35]–[37]. 
The diagonal first part is given by the quasiparticle ener-
gies obtained in G0W0 approximation. The second, the 
electron-hole exchange term, in which the short-range 
part of the bare Coulomb potential v  enters, reflects the 
influence of local fields. Finally, the third part, which de-
scribes the screened electron-hole attraction, is calculated 
using the model dielectric function proposed by Bechstedt 
et al. [27]. Thereby, we use the value ε∞ = 6.13 calculated 
within the independent-particle approximation (IPA) as 
input parameter. For the actual calculation of the polariz-
ability, we use the time-evolution implementation de-
scribed in [42] and [43].

The present SHG calculations neglect intraband con-
tributions and approximate the non-linear response from 
interband transitions according to the expression derived, 
e.g., in [44],
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and fnm and pnma  are the Fermi blocking factors and a = 
x, y, z component of the momentum matrix elements, re-
spectively, for the respective Bloch states n and m. !ω = ω 
+ iη denotes the photon frequency ω with a small positive 
imaginary part η, which turns off the electromagnetic field 
adiabatically. The energy difference between band m and 
n at point k in the Brillouin zone is given by "ωmn k( ) = εmk 
− εnk. Eq. (3) has been used to calculate the SHG spectra 
of LN within the IPA and independent-quasiparticle ap-
proximation (IQA) using the electronic structure obtained 
from either the DFT calculations and the self-energies 
from the GWA, respectively.

Calculated SHG data are known to be rather sensitive 
with respect to numerical details such as the number of k 
points used to sample the Brlllouin zone and the number 
of electronic bands included in the calculation [45]. Here, 
the uppermost 18 valence bands and the lowest 34 con-
duction bands were taken into account. Fig. 1 shows that 
the application of a 6 × 6 × 6 k-point mesh is sufficient 
to obtain converged results for the linear and nonlinear 
spectra. The inclusion of excitonic effects in the SGH cal-
culations was, for numerical reasons, beyond the scope of 
the present study.

The electronic band structure and density of states of 
ferroelectric LiNbO3 as calculated here within the DFT 
and within the GWA are shown in Fig. 2. In our calcula-
tions, LN appears to have an indirect band gap, with the 
valence band maximum slightly off the Γ point. However, 
the uppermost valence band is relatively flat, so that the 
difference between the direct and indirect gap is lower 
than 0.1 eV. Although the direct band gap at Γ of 3.39 eV 
calculated here within DFT agrees well with previous cal-
culations on the same level of theory [7], [18], [23], the 
comparison of the present G0W0 value of 5.42 eV with 
earlier calculations requires some care. The authors of [7] 
used a model dielectric function to describe the screened 
Coulomb interaction in the self-energy operator. This 
may, on one hand, impair the accuracy of the calculations; 
on the other hand, it provides a simple means to access, to 
some extent, the influence of the lattice polarizability on 
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the quasiparticle energies [28]. Depending on whether or 
not the lattice is supposed to contribute to the screening, 
a fundamental band gap between about 6.5 and 5.4 eV is 
predicted for ferroelectric LN in [7]. The present G0W0 
calculations do not include any lattice polarization effects, 
and should thus be compared with the 6.5 eV obtained 
in [7]. The deviation of about 1 eV in the predicted band 
gaps is an indication that the screening in the strongly 
ionic material studied here is not satisfactorily described 
by a model dielectric function. However, previous first-
principles GW calculations [8] using the full-potential 
linearized augmented plane-wave method predict a gap 
value of about 4.7 eV for ferroelectric LN. This value is 
0.7 eV smaller than the band gap calculated in the pres-
ent work. This deviation is somewhat larger than typically 
expected for converged GW calculations. We are presently 
investigating the origin of this discrepancy. The compari-
son of the measured and calculated optical response below 
suggests, however, that the present G0W0 value of about 
5.4 eV is close to the actual value.

The electronic band structure shown in Fig. 2 is the ba-
sis for the optical response calculations. In Fig. 3, we show 
the linear optical response calculated for ferroelectric LN 
according to the three levels of theory, i.e., IPA (DFT), 
IQA (GWA), and BSE. The spectrum obtained within 
the IPA for ferroelectric LN agrees roughly with earlier 
independent-particle results [23], [25]. There are two main 
features of the optical absorption centered at about 5 and 
8 eV that arise from transitions between O 2p and Nb 4d 
states (cf. Fig. 2(b) and [7]). The inclusion of the many-
body interaction in the electronic structure (IQA), leads to 
a nearly rigid blueshift of the spectra by about 2 eV. The 
Coulomb correlation of electrons and holes, accounted for 
by solving the BSE, changes the line shape somewhat. The 
first peak of the low-energy main feature of the optical ab-

sorption becomes more pronounced and the whole feature 
is redshifted compared with the IQA spectrum. It is now 
positioned at 5.5 or 5.6 eV for ε⊥ or ε||, respectively. The 
oscillator strength of the originally rather broad (~2 eV) 
high-energy main feature of the optical absorption is red-
shifted and transferred into a single sharp peak at about 
9.3 eV (for ε⊥ or ε||). Based on the orbital character of 
the electronic states contributing to the respective peaks 
in the IPA spectrum [cf. also Fig. 2(b)] it is very likely 
that the strong localization of the states responsible for 
both the first and the second absorption peak causes the 
strong excitonic effects in both cases. Unfortunately, our 
time-evolution-based BSE implementation does not allow 
access to single excitonic states to address the origin of the 
two peaks unambiguously.

Compared with the experimental data for ferroelectric 
LN, in which absorption features at 5.3 to 6 eV and 9.2 to 
10 eV are observed [10], [11], the inclusion of self-energy 
and excitonic effects substantially improves the theoretical 
description. This concerns both the peak positions and the 
line shapes, which sharpen because of the inclusion of exci-
tonic effects. Consequently, the experimental observation 
that the first absorption peak is broader for ε|| than for ε⊥ 
in ferroelectric LN [11] is reproduced in the calculations 
that account for electron-hole interactions much more 
clearly than on the single-particle level of theory. The de-
tailed comparison of the measured and calculated onset of 
the optical absorption shows that the simulated spectra 
are blue shifted by about 0.1 to 0.2 eV. The lineshape 
of the calculated spectra presented here agrees somewhat 
better with experiment than the previous calculation in 
[7], which we trace back to the more accurate description 
of the self-energy effects in the GW calculation. The inclu-
sion of lattice polarization effects (neglected here) in the 
calculations is expected to redshift the calculated absorp-

Fig. 1. Imaginary part of the dielectric function (a) for ordinary (per-
pendicular to c, ε⊥) polarization and (b) zzz component of the absolute 
value of the nonlinear spectrum of ferroelectric lithium niobate calcu-
lated within the independent-particle approximation (IPA) with a (solid 
line) 6 × 6 × 6, (dashed line) 8 × 8 × 8, and (dotted line) 10 × 10 × 10 
k-point mesh. A broadening of η = 0.2 eV is applied. 

Fig. 2. (a) Electronic band structure (with respect to the valence band 
maximum, for the notation of high symmetry points see, e.g., [7, Fig. 3]) 
and (b) density of states (DOS) [in 1/eV per lithium niobate (LN) for-
mula unit (FU)] of ferroelectric LN calculated within (solid lines, black) 
DFT-PW91 and (red circles, dotted region) G0W0. Dotted lines guide 
the eye. The fundamental gap is indicated in gray. Also shown in (b) are 
the contributions of Nb 4d and O 2p states to the DOS calculated within 
DFT-PW91. 



IEEE TRANSACTIONS ON ULTRASONICS, FERROELECTRICS, AND FREQUENCY CONTROL, . 59, . 9, SEPTEMBER 20121932

tion features [7]. The present findings may therefore be 
interpreted as an indication that the lattice polarizability 
influences, to some extent, the single- and two-particle 
electronic excitations in LN. On the other hand, it should 
be mentioned that the many-body techniques employed 
here have intrinsic uncertainties of just this order of mag-
nitude.

In Fig. 4, we present the zzz component of the SHG 
spectrum of ferroelectric LN calculated within the IPA 
and IQA. Shown are the real part, imaginary part, and 
absolute value of χ ω333

2 ( ) up to 6 eV. The IPA results show 
two main features between 1.5 to 3.0 eV and 3.8 to 4.4 eV. 
As expected from the structure of (2), the shift of the 
spectral features resulting from the inclusion of self-energy 
effects differs from the GW band gap correction. We ob-
serve a shift of about 1 eV in the SHG features if quasipar-
ticle effects are included from the GW calculations. Also, 
the magnitude of the nonlinearities is lower in the IQA 
results. Experimentally, absolute values χ333

2  between 0.2 
to 0.4 Å/V for photon energies around 1 eV [15] are re-
ported. The comparison with the calculated spectra on 
IPA and IQA levels of theory (Fig. 4) shows that the for-
mer overestimate the measured data, whereas the IQA 
calculations that include electronic self-energy effects de-
scribe the optical nonlinearities well. However, because 
measured SHG values are available only for a few funda-
mental wavelengths and the calculated spectra neither ac-
count for intraband transitions nor for electron-hole inter-
action, at this point, no definite conclusions should be 
drawn from the comparison between experiment and the-
ory. Particularly, excitonic effects may have a noticeable 
influence on the SHG spectra as stated by Luppi et al. [46] 
studying the GaAs nonlinear spectra.

To summarize, first-principles calculations of the LiN-
bO3 linear and nonlinear optical properties are performed. 
The calculated optical absorption spectrum including elec-
tron-hole and self-energy effects is in excellent agreement 
with the measured data. Strong exciton binding energies 
of the order of 1 eV are predicted. The slight underesti-
mation of the optical absorption onset in the calculations 
may indicate lattice polarizability contributions to the 
screening of one- and two-particle excitations in LN. The 
calculated SHG spectrum shows noticeable nonlinearities 
for photon energies above 1.5 eV. The comparison with 
experiment indicates that the inclusion of self-energy ef-
fects in SHG spectra substantially improves the agreement 
between measured and calculated data.
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