Applications of the general Lyapunov ISS small-gain theorem for networks

Sergey N. Dashkovskiy

Abstract— We recall the definitions of input-to-state-stability
Lyapunov functions and general small gain theorems. These are
then exemplarily used to prove input-to-state stability of and to
construct ISS Lyapunov functions for four areas of applications:
Linear systems, a Cohen-Grossberg neuronal network, error
dynamics in formation control, as well as nonlinear transistor-
linear resistor circuits.
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I. INTRODUCTION

For nonlinear systems it is often difficult to prove stability
properties. Knowledge of a Lyapunov function makes that
task simple, but finding a Lyapunov function is an art of its
own and generally also a very complicated task, especially
for high dimensional systems.

One approach is to split complicated high dimensional
systems into smaller, interconnected subsystems evolving in
lower dimensional spaces. The idea is to find Lyapunov
functions for the lower dimensional systems and then put
these together to obtain a Lyapunov function for the high
dimensional system. Thereby taking into account that the
subsystems themselves are in a nonlinear fashion intercon-
nected and that there may also exist external inputs or
disturbances, that have to be accounted for.

The input-to-state stability (ISS) framework introduced by
Sontag in 1989 [13] serves as a general framework stability
with respects to inputs. Its equivalent Lyapunov characteri-
zation [14] and the corresponding small gain theorem [9] or
its generalization [6], [8] can be implemented to establish
exactly the idea detailed above: A bottom-to-top stability
analysis of high dimensional nonlinear systems.

We consider several example applications of general ISS
small gain theorems provided by the authors in [6], [7], [5],
[3]. In particular we apply the nonlinear Lyapunov ISS small-
gain theorem for networks to a Cohen-Grossberg neuronal
network, and error dynamics in formation control.

The paper is organized as follows. In the next section
we recall the necessary definitions and notation. In Section
IIT we quote the small gain type theorems related to ISS
networks. The main results of this paper are four example
applications that are given in Section IV. Section V con-
cludes the paper.
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II. NOTATION AND DEFINITIONS

Consider several nonlinear systems with inputs given by

Zi:jci:fi(xl,...,mn,ui), i:l,...,m (1)

where z; € RY, w; € RM: The functions f;

R NitMi _ RNi = 1,...,n, are assumed to be
such that there exists a unique solution for any given initial
condition and any essentially bounded, measurable inputs
xj,J 7# i, u;. We say that ; is an internal input for the
system X; with ¢ # j and wu; is an external input to ;.
Denoting z = (27,...,20)T e RN, N =" | N;, u =

(u?7 ceey UZ)T’ f(x,u) - (fl(Iaul)Ta R fn(xvun)T)T
we can represent the interconnection in the form
= f(z,u). (2)

An appropriate stability notion for such systems is input-to-
state stability as introduced in [13] and is now commonly
used by many authors. To recall the definition we will
need the following notation. Let Ry := [0, 00); a function
v : Ry — Ry is said to be of class K if it is continuous,
increasing and ~y(0) = 0. It is of class K, if, in addition, it
is unbounded. A function 3 : R4 xR, — R, is said to be of
class KCL if, for each fixed ¢, the function (-, ) is of class K
and, for each fixed s, the function (s, -) is non-increasing
and tends to zero at infinity. Let |z| denote the Euclidean
norm of z € R™ and || - || the standard norm in L. By
R’ we denote the positive orthant in R™. For two vectors a
and b in R” we denote a >0 <& a; >0b;,i=1,...,n.
The relation a > b is defined in the same way. The negation
of the relation a > b is denoted by a # b. This is equivalent
to the statement that there exists at least one ¢ € {1,...,n}
such that a; < b;.

Definition 2.1: System (2) is called input-to-state stable
from wu to z, if there exists a v € K, and a § € KL, such
that

z(8)] < B(|2(0)], 8) + (l|ulloc)

for all initial states z(0) € R and inputs u € L. In this

case v is called nonlinear gain.

It is known that ISS defined in this way is equivalent to the

existence of an ISS-Lyapunov function defined by
Definition 2.2: A smooth function V : RN — R, is

called ISS-Lyapunov function of (2) if there exist 11,12 €

Koos X € Koo, and a positive definite function « such that

Yi(|z]) < V(z) <o(lz]), VzeRN, @)
V(z) > x(lul) = VV(2) - f(z,u) < —a(V(z)). (5)

vt >0, 3)

The function Y is then called Lyapunov gain.



There are many nonlinear gains in case of an inter-
connected system (1) related to different inputs in each
subsystem. Typically one says that ¥; is ISS if any its
solution satisfies for some v, vi; € Koo and 3; € KL

lz: ()] < Bi(lxi(0)],£) + Z%g‘(llle\oo)
j#i

Fui(l[willoc), €20

or one uses m;Lx instead of > . However, it becomes
J7F A1

restrictive for some nonlinear syjsfems as we will see in the
examples below. We write this definition in a more general
way. For this purpose we introduce:

Definition 2.3: A continuous function p : R} — Ry is
called a monotone aggregation function if it satisfies
(@) u(0) =0.
(i) p(s) >0 for all s € R} and pu(s) > 0 if s > 0.
(iii) for any s; > sp € R} it holds that p(s1) > p(sz).
The space of monotone aggregation functions is denoted by
MAF,, and MAF" denotes the set of continuous functions
u o RY — R such that each component function is in
MAF,,.
We also define v;; = 0 for ¢« = 1, ..., n. Using this notation
we say that 3; is ISS if its solutions satisfy

|23 ()] < pi(Bi (|25 (0)], 1), vir (||71]|o0) s
s Yin([Tnllso)s i(lul]oo))-

Similarly we define an ISS-Lyapunov function for X;:

Assume that for each of the subsystems >;,7 =1,...,n
we are given a proper, positive definite function V; : RN —
R,. The function V; : R — R, is an ISS-Lyapunov
function for ¥; if there exist u; € MAF,,,~,;; € KU{0},~; €
K and a positive definite function «; such that

Vii) 2 pi(ya (Vi(@1)), - vin (Vi (), i ([l o0))
= VVi(zi)fi(z,u) < —a(\xz‘\)@

The gains ~;; can be combined in a matrix I' :=
(Vij)ij=1,...n- If we add the gains 7,; to this matrix as
the last row then the obtained matrix is denoted by T'. The
expressions in the above implication motivate the following
definition of a nonlinear map

fu : Ri"'l — RY (7
s
! pa(711(81)s -+, Y1n(82), Y1u(r))
= :
Sn,
r Mn('}/nl(sl)v--~v’7nn(5n)a'}/nu(7ﬁ))

The map T',, is defined similarly. By id we will denote the
identity map in an appropriate space.

Even if each subsystem X; in (1) is ISS their interconnec-
tion (2) can be unstable. In the next section we recall the
small gain type conditions which guarantee the ISS property
of the interconnection and recall the construction of an ISS-
Lyapunov function for it.

III. SMALL GAIN THEOREMS

Theorem 3.1: Let I' € (Koo U {0})"*™ be a gain matrix
and p € MAF,. If there exists an o € Ko, such that the
small gain condition

DoT,(s)#s Vs20 ®)

holds with D := diag(id + «), then there exists a continuous
path o € K with

(i) o is locally Lipschitz continuous on (0,00) and in
particular differentiable almost everywhere in [0, 00)

(ii) for every compact K C (0,00) there are constants
0 < ¢ < C such that for all points of differentiability of o;
and i = 1,...,n we have

0<c<oj(t)<C. 9)

(iii) Lu(o(t)) <o(t), Vt>0. (10)

In the sequel we will call a function o € K7 satisfying
(10) an Q-path with respect to I', motivated by the existence
of an invariant domain {2 to which the path parameterized
by o belongs, see [4], [6] for details concerning 2.

Theorem 3.2: Consider the interconnected system X given
by (1), (2) where each of the subsystems ¥; has an ISS-
Lyapunov function V; and the corresponding gain matrix
defining the map I',,w as in (7). Assume there are functions
o=(01,...,0n) € K%, € K such that

Tu(o(t), o(t) < o(t), Yi>0 (11)

is satisfied, then an ISS Lyapunov function for the overall
system is given by

12)

where o is an {)-path corresponding to I';,.

Note that by construction the Lyapunov function V' is not
smooth, even if the functions V; for the subsystems are.
However, theory of [1], [2] can be used in this case.

For the proofs of these theorems we refer to [4], [6], where
they were given for some particular p. Proofs with a general
w are given in [8], [11].

IV. MAIN RESULTS

In this section we give four examples illustrating the effec-
tiveness of the small gain theorems of the previous section.
The first of them illustrates the construction method for an
ISS-Lyapunov function in the relative simple case when the
interconnection consists of linear subsystems. Further we
will consider the a Cohen-Grossberg neural network, an ex-
ample related to formation control, and nonlinear transistor-
linear resistor circuits.

A. Linear systems

Consider linear interconnected systems

n

j=1
with z; € RM u;, € RM: and matrices A;, B; of
appropriate dimensions. Each system X; is ISS from



(«f,... 2l 2l .. 2l ul)T to x; if and only if A,
is Hurwitz. This can be seen for example with the Lyapunov
function V;(z;) = xiTPia:i, where P; is a positive definite
solution of AlTPi + P;A; = —Q); for some positive definite
matrix ;. It is known that there is a unique solution P; for
any given positive definite @); if and only if A; is Hurwitz.

In that case, along trajectories of the autonomous system
T; = Az
we have
Vi = 2l P Az + 2T AT Py = —a T Qi <

—cilz|?

for ¢; := Amin(Q;), the smallest eigenvalue of Q.
For the nonautonomous system (13) we obtain

‘./; = .’L‘ZTPz (Al.’l'}Z + Z Aij{L‘j + Biui)

J#i
(ul BT + Z J:TAT + 2l AT Py
J#i
< —cillzi|* + 2l ||| Bl (Z 1A [l

J#i
+ |1 Billlull)

< —ecql|ai||?, (14)

where the last inequality (14) is satisfied for some small
€ > 0 only if

2||P I
o> 5 (S 1ol 1) a9
3
with v = (uf, ..., ul)T.
of (6) we note that A, (P,

Let us denote a? = Apin (P,
(15) is then satisfied if

Vitws) > (3 j”f_”l? 2 sty + i)

J#i

This way we see that the function V; is an ISS-Lyapunov
function for »J; with gains given by

(e = (30 2P 2l 5

ci(l—e) aj

To write this implication in form
)|xl|2 < Vi(@i) < Amax(Pi)|2i]?.
2), b7 = Amax (), the inequality

Jj#i
fori=1,...,n,i+# j, and
Yiu(s) = || Bills,
fori=1,...,n, and s > 0. Further we have

- (jilstrr)Q

for s € R} and r € R, . By defining y;; =0fore=1,...,n
we can write

0 72 - Yn Y
f = Y21 B ce Yon V2w
Yn1 Unn 0 Tnu

and have
F}L (57 T) =

(Biaty) (5, v+ i)

(16)

2
(252257 (5, 2l 5 4 1)

Interestingly, the choice of quadratic Lyapunov functions for
the subsystems naturally leads to a nonlinear mapping T.

Proposition 4.1: Let each 3; in (13) be ISS with a
quadratic ISS-Lyapunov function V;, so that the correspond-
ing operator I',, can taken to be as in (16). If the spectral
radius of the assocated matrix

_ (20 Pk [[A]]
G= ( )ij an

ci(l—e) aj
is less than 1, then the interconnection
Y: &=(A+A)x+ Bu

is ISS and its (nonsmooth) ISS-Lyapunov function can be
taken as V(z) = max; +x, Pix; for some positive vector
3eRL. '

Proof: If the spectral radius of G is less than one, then
there exists a positive vector § satisfying G§ < §: Just add a
small § > 0 to every entry of GG, so that the spectral radius
p(G) of G = G + 4 is still less than one, due to continuity
of the spectrum. Then there exists a Perron-Frobenius vector
5 such that G5 < G5 = p(G)5 < 3.

Now define § by §; = 32 for i = 1,...,n. We claim that
the straight half-line spanned by this vector § in the positive
orthant is an §2-path for I',,.

Indeed, for all ¢t > 0 we have

5 2)|Pifl: [|All
T,(5) Z o a] NG
j J
2
Z || IHbl || LJ||§. ot

c(l—g) a; ™

< (5t =5t

By Theorem 3.2 an ISS-Lyapunov function can be taken as
V(x) = max; ‘%xlTPmz [ |

B. Neural networks

Consider a Cohen-Grossberg neural network, see [16],
e.g., given by

i (t) = —a;(z;(¢)) ( Zt”sj (x;(t —l—JZ), (18)
i =1,...,n, n > 2, where z; denotes the state of the
ith neuron, a; is strictly positive amplification function,
b; typically has the same sign as z; and is assumed to
satisfy |b;(x;)| > bi(|x;]) for some b; € K, the activation
function s; is typically assumed to be sigmoid. The matrix
T = (ti;)i,j=1,...,n describes the interconnection of neurons



in the network and J; is a given constant input from outside.
However for our consideration we allow J; to be arbitrary
measurable function in L

Note that for any sigmoid function there exists a v, € K
such that |s;(x;)| < 7v:i(|]z;]), following [16] we assume 0 <
o, < ai<$i) < @;.

Define V;(xz;) = |z;| then each subsystem is ISS since the
following implication holds

p— n
(6%
= (Clehulah +1l) | =
j=1
— signx; Ztmsj

|2i| > b; !

Vi = —ai(a:) (Jbi 1)
< —elby(@)]-

In this case we have p;(s, r) =b; *(s1+--+s,+7) and
Yij = Oglt_l{élfyjﬂz] )s Viu = e . Note that so far we have
not imposed any restrictions on the coefficients ¢;;. Moreover
the assumptions imposed on a;, b;, s; are essentially milder
then in [16]. However to obtain the ISS property of the
network we need to require more. The small gain condition
can be used for this purpose. It will impose some restrictions
on the coupling terms t;;s(x;). It follows then:

Theorem 4.2: Let I', be given by v;; and p;, 4,5 =
1,...,n calculated above for the Cohen-Grossberg neural
network (18) satisfy the small gain condition (8). Then this
network is ISS from (Jy,...,J,)7 to z.

Remark 4.3: In [16] the authors have proven that there
exists a unique equilibrium point for the network and given
constant external inputs. They have also proved the exponen-
tial stability of this equilibrium. We have considered arbitrary
external inputs in the network and proved the ISS property
for the interconnection.

) + sign ; J)

C. Formation control

In [15] formations of vehicles on the plane as in Figure 1
have been considered. Using feedback linearization local
controllers have been designed that render the formation
error between two consecutive vehicles input-to-state stable
with respect to the up-link formation error. Since cascades
of ISS systems are ISS it could be shown that cascades of
vehicles are “leader-to-formation” stable (ISS).

Fig. 1.
P).

A formation of four vehicles (1-3) following a designated leader

Due to the converse ISS Lyapunov theorems, it is clear that
there has to exist an ISS Lyapunov function for the entire
formation error; here we show how to find it.

The dynamics for each vehicle ¢ in Figure 1 is given by

&; = v;cosb;, Y; =wv;sinb;, 0; = w;, (19)

(x4, y:,0;) being the absolute position and orientation of the
ith vehicle. The control inputs (v;,w;) are the translational
and rotational velocity. The separation distance between two
consecutive vehicles, a leader ¢ and a follower j, is denoted
by l;;, and the relative bearing between them is 1);;. For both

values constant specification parameters /¢ oy wfj are fixed and
describe the formation. The formation error is

hij i= (ligs i) T 1= (1 = Ligy 5 — i) |
The control objective is to drive h;; to 0. In [15] a controller
is proposed that renders Z;; = (TJ,zZJU,ch) ISS with
respect to Zy;, there k denotes the number of the vehicle

in front of vehicle 4. It is shown that the Lyapunov function
candidate

(20)

Vij(Zi5) = 2 L+ 2 Ly 12 1)
satisfies the implication
R (G 0 (G A M
(1 —e)dmin{k], k3 } (22)
— Vi < —ellZ]*.
Implication (22) can be rewritten as
12,1 = max{ki, ki }(d + 1, .—i- Vk.i(é;?i))Vki(éki)
(1 — &)d min{k?, k3 } (23)
= Vij < —¢l| %l

which is in the form of (6). For a cascade formation of n
vehicles the gain matrix takes the form

0 ... ... 0
r=|7 0 (24)
Ynl <o Tnn—1 0

where ~;; is given according to (23) and p; is summation
fori =1,...,n. An Q-path 0 = (01,...,0,)" € K7 can
now iteratively constructed as follows: Pick o1 = id € K,
Iteratlvely, for i = 2,...,n, choose o; € K, such that
Z; 17ij 005 < 0y Clearly that is always possible, as a
sum of o, functions can always be bounded from above by
a K function.

The ISS Lyapunov function for the formation error is now
given according to formula (12).

D. Transistor networks
In [10] a nonlinear transistor-linear resistor model is
considered, which is characterized by the set of equations
Zi + Aifi(zi) + Bigi(zi) = bi(t), ;n, (25)

where z; € RN A, = (a}),B; = (b;w) are constant
square matrices with a}, > 0 and b}, > 0, where f;,g; :
RY: — RN: are continuously differentiable in z;, satisfy

i=1,...



fi(z;) = 0 and ¢;(z;) = 0 if and only if z; = 0, and
further it may be assumed that in fact f{(z;) = fi(zi) and
gc(21) = gi(2) where fi(zi) = (fi(z), ..., fi, ()]
gi(21) = (9i(2)s- -, g, (2)) Ty and 2z = (21,...,24,) "
As in [12] it is assumed that f/(2})/z;, > 6 > 0 and
gi(zL)/z, > 6 for all z, # 0 and that 9/9z} fi(0) > &
and 9/0z} fi(0) > 4. As in [10] we content ourselves to the
case

bi(t) =0, i=1,...,n.

Interconnection between the subsystems (25) is described
via terms C;;g;(%;), where C;; are constant matrices of
appropriate dimensions, leading to subsystem dynamics

2i+Aifi(Zi)+Bigi(Zi)+Z Cijgi(z;) =0, i=1,...,n

J#i
(26)
This may be written as
24+ Af(z) + Bg(z) =0, (27)
where z' = (z{,....;20), fT = (ff,.. ., f]1), g =

(9{,...,9,)), A accommodates the matrices A; on the
diagonal, and B accommodates the matrices B; and Cj; in
the obvious manner.

Due to the nonlinear terms f; a quadratic Lyapunov
function V;(z;) = 2" P;z; with PA; + A/ P, = —Q; for
some positive definite matrix ); bears some difficulties when
it comes to consider the interconnection structure and to
derive gains between the subsystems. Instead, we decompose
system (27) into its scalar subsystems

Zi= (@i +ba) filwi) + ) (aiif5(3) + big5(%)), (28)
J#i

for i = 1,...,N = Zij, A= (aij), B = (bZJ) and

where f; and §; denote the component functions of f and g,

respectively, and z is decomposed into Zi,..., Zn.
Using a small € > 0, standard estimates, and the Lyapunov

function candidates V;(Z;) = 172, we arrive at
Vi < —(aii + bis)0e3} (29)
if 1
5> ———= > Fi(lz]) (30)
(1—¢)d &~
Jj#i
where
- laq;] x N
Yoy () =L max{| f;(s)] [ £ (=)}
11 (31)

N 'ZZ' max{|g; (s)], |3; (5[}

Now we note that due to the properties of the functions
fi and g;, the function 7;; is of class K or equals con-
stantly zero. Hence for the functions «;; given by ~;;(s) =
ey ij (V25), we have

1 2
Vi(z) > = Y5 (Vi (25))

2(%: I ) (32)
— Vi < —2(as; + bi1)0eVi(7)

i.e., the defining implication form (6) for an ISS Lyapunov
function.
Now, if the small gain condition is satisfied for I' = (-y;;)

2
globally asymptotically stable, and a Lyapunov function is

given by (12).

2
and p;(s) = 3 (3 ; sj> , then the trivial solution of (27) is

V. CONCLUSIONS

In this paper we have considered several ISS systems
with the aim to investigate the stability properties of their
interconnections. The generalized small gain results were
used for this purpose. This paper shows how these results
may be applied to prove the ISS property of interconnections
of nonlinear systems.
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